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Introduction to Neural Quantum States

Restricted Boltzmann Machine as a quantum state
Variational calculation

Relationship with tensor networks



Machine
Learning

Simulation of
“Probability Distribution”

Quantum Many-body
Computing Problems



Simulation of “Probability distribution”

Data-driven learning

Obtained via fitting into measurements
No access to “"ground truth”

Model-driven learning

Obtained via optimization of
model-based well-defined cost function

- Mathematical programming
e.g. combinatorial optimization

- Machine learning
e.g. iImage recognition

Classical data

Probability distribution

e.g. data science - Recommendation for Monte Carlo

Single computational basis

- Quantum tomography - Variational simulation

Quantum data . .
- Costless simulation of

eigenvectors, density mat.

- Reproduce quantum state,

Wave tunction Hamiltonian, Liouvilllian etc.
Unitary/non-unitary mapping

- Tensor Nets, Neural Nets,

- Error mitigation o
9 Quantum circuits, etc.




Data-driven learning

Optimize the model p, s.t. “distance” between target P is minimized.
e.d. Kullback-Leibler divergence

X
Dkr.(P||px) ZP ( ((X)))

I

02000 Fit
/U1 [HH H ]
“Measurement” data POVM Resulit
http://yann.lecun.com/exdb/mnist/ Parametrized models

“A I!! r
ctual” target Further ML task Physical property
U - " Pretrained model " Entanglement
— { Generator Correlator

Hand-writing Quantum state L (e.9. GAN) | Fidelity

No access to
underlying
“ground truth”

A




Variational simulation

Optimize the ansatz ¥, w.r.t target depending on what you want to do

e.dg. Hamiltonian e.g. Product of Liouvillian

(Vo |H|Wy) ({po|LTL]|po))

Fyme = argmin 0 = argmin

o (Vo|Po) : ((polpo))
Minimize GS approximant 'Y,
energy Static property
( .
_ Symmetry breaking
H Z hq Pq  Ordering
q Parametrized model
Minimize
“Ground truth” accessible “energy”

by (super)-exponential cost Non-equilibrium
Steady state p, property

Appropriate ansatz, “cost function”, optimization needed



Simulation/Estimation of “Probability distribution”

Classical data

Probability distribution
Single computational basis

Quantum data

Wave function
Unitary/non-unitary mapping

Model-driven

Obtained via optimization of
model-based well-defined cost function

Data-driven

Obtained via fitting into measurements
No access to “"ground truth”

- Machine learning - Mathematical programming

e.g. iImage recognition

e.g. data science

e.g. combinatorial optimization

: %nendation for Monte Carlo

- Quantum tomography N - Variational simulation

=

- Reproduce quantum state, - Costless simulation of

) N - Tensor Nets, Neural Nets,

Hamiltonian, Liouvilllian etc. eigenvectors, density mat.
- Error mitigation W === Quantum circuits, etc.



Neural Networks as variational ansatz cerleoatoyer(17)

e.g. Restricted Boltzmann Machine
Dimension-free variational ansatz inspired by machine learning Hidden spins

Interaction  Mag. fields @ . @, c {+1}

U) = Z U(o)lo) P(o) Z eWiioilj+aigitbh; Wi: coupling
Physical spins
o h Tracing out aux. space @ @ . @ e {£1}

Restricted Boltzmann Machine

Optimization by variational Monte Carlo GS energy optimization of 1d AF Heisenberg (L=22)
.
Optimize a,b,W that minimize the GS energy, Bl v
~39.06 -
(U|H|D)
EGS — al'glniI <\If‘\11> _ -39.10 -
W 5-39.12 ~ I
e.g. stochastic gradient descent, sone L |\ L WAL LA WYY, \[
~39 16 - Energy (Jastrow) ) e-t
- Energy (REM) K
az % CZZ - 778&@ <H> —39.18 { — Energy (Symmetric REM)
39204 Exact
0 50 100 150 200 250

lterati .
SO Taken from NetKet website



RBM as ground state ansatz

e.d. Restricted Boltzmann Machine

Dimension-free variational ansatz inspired by machine learning

Interaction  Mag. fields @ . @H
=2 V(0)lo) W(o) ox ) MOTHITEE ) e
o h —= Tracing out aux. space @ @ . @ysmatllipms

Restricted Boltzmann Machine

idden spins
{+1}

Comparison with other ansatz Carleo&Troyer Science 355('17)

State-of-art GS energy accuracy achieved by variational imaginary-time evolution

1d Traverse-field Ising model
80 spins, periodic bou?dary, 1d AF Heisenberg model 2d AF Heisenberg model

h : field, alpha: (# of hidden neuron) 80 spins, periodic boundary 10x10 spins, periodic boundary

1072 10~2

Jastrow

10~ T
107

6rol

107

10~ 1074

10

1
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About RBM-type ansatz

Entanglement property Dengetal PrRx(17)

e.g.) Maximized half-chain Renyi entropy for 2n spins

with O(n) parameters

S4 = nlog2, Vo

84

Sa = 7 log[Tr(p%)]

e.g.) Random RBM states

von Neumann Entanglement scaling

-0-y=1
8 Y=2 /‘¢>
6r-9-y=3
TVoy=4 , add
—— Page entropy @ | . .
1§ hidden spins

< v~
0 4¢ o .
- -
_ A
gV B
2+t ,9’...,","'3; v
315@'11 | 1
10 15 20

‘ ‘ ‘ .E‘ ‘ . ‘ Hidden spins

Al Il B A B & == W = = =

‘ ‘ ‘:0 0 0 Physical spins
i

- EE(RBM) < Page value (average EE of Haar random)
= Not all random states efficiently captured

- In fact you need exponentially many parameters to
fit Haar random states

- Level spacing of entanglement ham obeys Poisson

(expected to correspond to those of integrable system)
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Other types of neural quantum state

Feed-forward neural nets

. __----7.7-7-. -""
S M :

. O- __:__—— ,T L _ :::::‘:._- ':::_::—_____x____——‘
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N

SN N oY
e.g. Fully-connected Saito ('17), Cai&Liu ('18), Choo etal. ('17) Input st hidden 2nd 3rd
Linear: (E(J))j — Z Wiio; + b;
i

_ \W
— ____\--__-::: ”ﬁ_‘ ,
Output
Non-linear: N(Zj ) N tanh(zj)

Momentum-resolved energy
1dAFH model (L=36 sites) Choo etal., PRL('17)

=57 Exact e 2% i ’
_sg| * RBM 2” we 100
© FFNN ° ;
- Better performance in excited states for 1d AFH w9 / \ 107 ¢
> —60 0
S [T 4 [ Ry L1072 0>)
S -61 T ) B
. . -3 o
- Entanglement spreading is slow, | T 1029
. ! -4
not so powerful in d>1 systems -63-  Relative error: RBM 0
- Relative error: FFNN A5
—64 - 10
0 n}2 7 12

Momentum



Other types of neural quantum state

Feed-forward neural nets
non-linear

\I/(O') X Nnﬁn . °N2£2N1£1 (0‘)

linear

e.g. Convolutional neural nets Choo etal., ("19), Szabo&Castelnovo ('20)

Convolution Non-linear

- Local receptive fields acting on finite regions Ground-state energy

J1J2 model (JZ/.” = 0.5, 10x1 0) Ferrarietal., ('19)

- MERA-like structure with higher efficiency for oana] —a— Coram¥ )
volume-law entanglement Levine etal., PRL('19) e e ————— Giram| )
RBM O(N) parameters IN 2d e | R R T Lanczos stepe (p = 0)
G BT e — s DNRG (3192 states)

CNN: 0/N) parameters in 2d 0,408

RBM w/ $2=0

-0.497 1

- Performance not the best without implementing symmetry Lancacs steps (p = 2]
(e.g. 2D J1-J2 Heisenberg model) 0.498 - RIS Es S
Ferrari et al., (‘19) Nomura&lmada ('20)

————————————— ¢ el DMBRG extrap.
0.499 = d




Other types of neural quantum state

Combination with conventional technique Nomuraetal, (2017)

V(o) = Yrem(o)Ypp (o)

Pair product
originally introduced to study

fermonic system

Based on two-body interaction between visible spins:

Vpp) prp (H ) :PC\; N,

prohibits double occupancy

1,]

NT T
i, €51

visible layer ff

{7_’—“‘_' i

._r/'/fsz_(

,./

Result for J1J2 Heisenberg model Nomura & Imada (2020)

(a)

6x6

oy VMC(p=0)
8 CNN

VMC!_p:Z:

RBM+PP
DMRG
ED

0.40

0.45

0.50
Jo [ J

0.55

(b)

E [ Ngio — 0.230

Nsite /2
hidden layer
8x8
-0.610 [~ -
¥ VMC(p=0)
-0.612 ‘
-0.614 RBM+PP |
DMRG
VMC(p=2)
-0.616
-0.618

040 045 050  0.55
Jo [ J
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Relation with other variational at

Tensor networks

- . Many-body Hilbert space
- Class of variational ansatz based on tensor contraction

MPS
V) = Z Cont (® Ta) 7) const bond-dim  1d area-law

|
a ~ states
- Advantageous especially for area-law entangled states

e.g. Matrix Product States Fannesetal. ('92), White ('92),

o) =Tr | [TA7 ) lo)

MPS < RBM is hard Chenetal. ('18),

Non-linear equation
generally not solvable

- Killer app in gapped 1d when optimized via DMRG /\
- Not scalable for generic d>2 systems é §

SHAHHE w_

o1 092 ... ON Exponential bond-dim needed
in general




Relation with other variational nsatz

RBM as subclass of "tensor network”: String Bond States Glasser etal. PRX ('18) () () ()
N X X |
- Product of MPSs in subset of system SR S
Cf. MPS N N ) AN
NB N 9
H Tr H A |O'> — Ty A 0] o - S < < N
S H ‘ N \ \ ?
€S N N
o\ RN % 9

RBM, defined as follows, can also be written in the above form

I\ N N
9 ® 9

o~ b . b) RBM as a non-local SBS
o) X exp E Wiioih; + E bih; (b)
h;j==x1 19 9
—0.674 L Laughlin state —
Q =0.676 ¢ ° . o
. . e . A 0678 ®-- - _ _ _g Jastrow
- Very generic, highly-dependent on “string" choices. = S
2, —0.680 e X T~ o |
. - - - - - - ~o [-EPS
Equivalent to single MPS with exponential bond dimension % o e |
§ ‘e -
[ —0.684r ce . ~xRBM
~0.686 | T~ -9 ]-RBM -
- DMRG not available but allows Monte Carlo sampling Schuch etal. PRL('08) ° 10000 20000 30000 40000 30000

Number of complex parameters
(c) 10x10 lattice



Variational simulation by neural networks

Algorithm Ansatz

Ground state (condensed matter)

Carleo&Troyer Science ('17) Cai&Liu, PRB ('18)
Nomura etal. PRB ("17)  Glasser etal. PRX (‘18)

Convolutional neural nets
Choo etal. PRB (‘19) Szabo&Castelnovo (‘20)

Ground state (Quantum chemistry)
Choo et al. ('20) Pfau et al. ("19)

Hermann et al. ('19) | Yoshioka, Mizukami, Nori, in prep.

Tomorrow 15:30 @FQCS2020

Autoregressive models

Levine etal. PRL("20) Davis&Wang ('20)
Hibat-Allah et al. ('20)

Real Time evolution

Carleo&Troyer ('17)  Czischek etal. PRB ('17)
Schmitt&Heyl ('19) Lopez-Gutierrez&Mendl| ('19)

Volume-law entanglement in NQS
Deng et al. PRX(17) Levine etal. PRL('19)

Steady State in open system

Yoshioka&Hamazaki PRB (‘19) Nagy&Savona PRL("19)
Hartmann&Carleo PRL ('19) Vincenti etal. PRL("19)

Disclaimer: Table not exclusive



»Introduction to Neural Quantum States

Restricted Boltzmann Machine as a quantum state
Variational calculation

Relationship with tensor networks

»Application to open quantum system

Steady state as “ground state” of Lindbladian
Results by RBM ansatz

18



Open q uantu m SyStem Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

System w/ dissipation

Microscopic & coherent

e.g.) Superconducting qubits

e.g.) Cold atom, Trapped ions interact

ot
PN

et

:

A

Taken from Garcia-Repoll, J.Phys B ('05)

19



Unitary
evolution
System Environment
p PB
Ptot ->
Trace out *
env. Non-unitary
evolution
System Envikonment
T ®[ -
P
0 ->

Setup: Time evolution in open quantum system

Trace out
env.

sy‘;g}m WEn%enD
ﬁ, — Z MsﬁMJ

Tr(p] = Te[p] = 1

Non-unitary but
Trace-preserving map

(Y aihar, = i)

s Kraus
operator

20



G KSL fO rmal ism and Stationary State Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

Impose quantum master equation to satisfy

1. Completely positive and trace preserving (CPTP)
3

| 2. Time-locality (Markovianity, short correlation time in env.)

=2 Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation Lindblad (1976) Gorini, Kossakowski&Sudarshan (1976)

dp(t R A ) ) A ) .
Ifisf ) = L(t)p(t) := —1[H(1), p(t)] + D(t)[p(t)] DW= T (t)pt)Ii(t) - % {Fl(t)Ps(t),ﬁ(t)}
Houvillian Unitary dynamics Non-unitary, S
but trace-preserving
e.g. Two-lev. system with damping
If ﬁ(t) — H and D(t) = D ,i.e., time-homogeneous, \‘1> _
at least one non-equilibrium stationary state assured ) N
Solution for 4Pss =0
dat

stationary state

21



Variational Search for stationa aes

Lindblad eqgn. in
vector representation

d|p(t)))
dt

i) (J] = 12) @ 17)

= L|p(1)))

Define optimization task

-

arg Imin

((p|LTL]p))
p <<P|P>>

Run optimization

0 200 400 600 800

Iteration

Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

Ansatz selection

> |0) =

<«— Precisely zero if exact

22



Step1: Vector representation

Under the representation of density matrix as pure state vector Cuietal. PRL("15)
by doubling the number of qubits.

Vector representation of Lindblad equation

Llp))= | =i (H@i-108")+ Y DI | o)

non anti-hermitian Unitary dynamics Dissipation,
Non-unitary

A A

I, @7 — §fjfz 1-1® §f;rff (eg. I, =0, )

where ﬁ[fz]

Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

23



Step2: Steady state as “ground state” Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

Stationary state as zero eigenvector Idea: Ground-state search problem cuietal. PRL("15)
Right eigenvectors of Lindblad operator L One can easily show that
> _ Lt Ant > _ AW _
Llpn)) = Anlpn)) €7 pn)) = e™|pn)) Llp)) =0 <> L1L|p)) =0
Eigenvalues satisty Steady state is obtained variationally by considering
1. Re[Ay] <0 0 — aremin LPILTLID))
2. At least one Re[)\,] = 0 (usually unique) — arg;mn (o] p))
—» Steady state realized at { — 00
Our goal
Spectrum of f,l Im() Spectrum of LTL
“Spiral” :
Jd | Real, non-negative
* spectrum
| Re(A)
O *——O * —O—0—0—0——
Deczlaying/ o | \ / Re (A)
modes @ | _
! Stationary

Albert&Jiang, PRA ('14) state 24



Ste p4: Ru n Opti m ization Yoshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

Optimization for 1d transverse-field Ising model (TFIM) under V=1, g=1, y=1, Nspin = 8.

Convergence at ET[Z < 10_3 , fidelity = 0.996 for a=4
ik 3 ) d Variational Monte Carlo Algorithm

Optimization with N;; = 1500, Nsamp = 2000 0. Choose initial parameter p,
101 -
f 1. Estimate parameter update &p
10°
—~ - Stochastic reconfiguration, i.e.,
s
‘d o op for imaginary time evolution by MC sampling
—_ 1072
‘L - O(Nyy,@”N* + N;)  per update step
~ 107°
~~—"
10-4 2.Updateasp <« p—ép
1075
I I I 3. Repeat 1-2 until convergence.
10° 101 102 10°

Iteration

Model in above calculation: 1d TFIM + damping Barreior etal. Nature (“11) Carr etal. PRL ("13)

Realized in trapped ions, Rydberg atoms

V,L—l L—1
ﬁ’ _ AZ AZ + g AT .th .f d . f‘ oA

25



ReSUItS Yoshloka&Hamazakl Phys. Rev B 99, 214306 (2019).

e.g. Transverse-field Ising model w/ damping Barreior etal. Nature ('11) Carr etal. PRL (“13)

Realized in trapped ions, Rydberg atoms

, , Real, Exact Real, RBM
1d TFIM with damping S
- Fidelity > 0.995 achieved up to L=16 (32 spins) at g/V = 0.3
- 40-fold #parameter reduction at strong field
compared to MPS (L=16, reported by Hartmann&Carleo) — |

2d TFIM with damping Jinetal. PRB ('18)

Exact
- . | | ! izz:
- Cost function optimized (~10-3) up to 5x5 .

o

)]

(o]

0.025

- Fidelity > 0.999 achieved for 2x2, 3x3 at g/V =1

o

0.050

Real/Imaginary part of denslty matrlces

2d TFIM, V=1, g=1, y=1, fidelity>0.999
26



Summary

Introduction to neural quantum states

- Diverse application: GS, excited states, real-time evolution...

@ | . @ c {1}

Wi: coupling

. @ e {+1)

- Properties quite different from tensor nets

e.g. quantum entanglement @ _

- Mainly direct problem. What about inverse problem?

Solving dissipative many-body systems voshioka&Hamazaki, Phys. Rev. B 99, 214306 (2019).

Hidden
- Variational method for steady state in open quantum system (A 9
demonstrated in /’\,'/
: : Visible
- 1d/2d TFIM with damping o /
- 1d XYZ with damping -

- Both real-time and imaginary-time evolution possible
Hartmann&Carleo PRL('19) Nagy&Savona PRL('19)

27



