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EHFE (AINN) %

JW=2<FILLWEFZEVILNN—DRF

1.B£1F D Boltzmann machine, CNN, transformerZs & Tl

BNZEHELTIFEAEL, APV IEREFOTAZTHZHAL TW5.
ZDRHYICENZE#HELT7ZLIF%ZIFAL,
[ 7oy | %#BETS.

2.7 I vOTLTY XLIC, SAER{LE CERIBIENED

BTFDRBILDOZ & B

PRHBEZ 7 VI F L DRT

fEERMMETHILT,

RlEmEZ FHRBRLL TFAL,

EFLONZIRNICMY AL I L ZHS.




Introduction



E&?—?G)NN%%”&'E}J Eﬂ&@@] . Carleo, Troyer, Science 355, 602 (2017)
p) . 4

RBMICELSREIER DRI
Example; spin-1/2 Heisenberg model RB
physical
H = ZJ S S variables
]
Hgpy = ZaSZ Z (0 j+zbjhj SiZ
J
j.fﬁ4’ //7%1:/(b1nary) E\\:
Zg =T, exp[~frpuHrpm] TV TV EH ’/I/l]
BB XA ZH - -2 BRI R EIRRE R BRI D EH - 1
Z; =expl—a,BrpuS; ]H2cosh[,8RBM(b +ZW S7) }—).7\/ = 5D 10X 10 RBM"?'
Sne - Heisenberg '
¥\ A ) E?%Ohwﬁb\ﬂﬁ&%ﬁﬁﬂkﬁ o4l
) 2.7 CRECIREE) I fER & €3 1 2 4 8 16 3
a={a b W\; ZRINT AR MC sampling o = SNEROR
H@;ﬂ%ﬁﬁ <H>=<\P‘HZ‘X><X‘LP>/<LP‘LP>x:{Sl’Sz’ ..... SN} MIBLEH DK
. - ;= FrYLoOTHIEREEFRP

—HAICKBHE ,.“’UEE,M:m W3 TIIBEICRR



HEEDEZ REIERICLSEERERTDH], VMC

Gross, Sorella, Tahara & Imada
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Combined VMC and Neural Network Nemura Darmawan, Yamaji, Imada
PRB 96, 205152 (2017)
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https://github.com/issp-center-dev/mVMC/releases/tag/v1.3.0

Y. Nomura, M. Imada, PRX, 11,
031034 (2021)
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Neural network for quantum many-body solver

However.....

hidden variables in RBM are so far classical (Ising spins).
If hidden variables are quantized and replaced by fermions,
they may represent fermionic entanglement and

node structure more efficiently.

To implement the correlation effects in the Fermi machine,
a key concept is the fermion fractionalization,

where strong correlation splinters a fermion (electron)
into entangled emergent multi-fermions.

Hiopy = 2[5 (k)c' koo +5d(k)dia ka]+ZA(k)( kadka +H. C)
This fractlonallzatlon has experlmental & theoretical supports
indeed in the cuprate superconductors.

Hidden variables representing the entanglement/correlation
should be related to the fermionic self-energy representation.
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Signature of Fractionalization:
Structure of Self-Energy in SC State
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Prediction by fractionalization : Self-energy peak cancellation A(k‘jf’a’)
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Sakai, Civelli, Imada
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@
Imada, Suzuki, JPSJ 88, 024701 (2019) but they cancel in A(k,0):
Imada J. Phys. Soc. Jpn. 90, 074702 (2021) Fingerprint of fractionalization




Indications of electron fractionalization in theories and experiments

1. cluster DMFT for SC Hubbard: Cancellation of normal and anomalous

contributions to spectral function A(k,0); -
SIS OHEER ~ 2| &z
q"" ¥ ol ImWpgak (w
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2. Same cancellation inferred from machine learning of cuprate ARPES
3. RIXS data supporting fractionalization 3”0 = comaame
Imada (2021) E105) :
Singh et al. (2022) = 51.00:— .
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Temperature (K)
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Origin of electron fractionalization

ADb initio studies of cuprates: Schmid et al. (2023) =
RFRAK & > THEIL L BREBIIAHRKT S =
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% fractionalization
dark fermion d 2 / \ o | |
= detected as 5| d C 0 0.08 0.16
. L= N .
incoherent part carrier density . by =U <niTni¢>

= , quasiparticle
of electron quantum tunneling

1R EBEAEF DL d~D L
TCFM H= > le. (k) e, + A (e, 'd,, +He)+e,(k)d,,"d,, ]

New fractionalization picture
Fractionalization of a fermion into two fermions associated with trend to

1st-order transition; phase separation replaced by quantum resonant,
entangled and spatially uniform state stabilized by quantum tunneling

cf. slave boson, slave fermion; Kotliar-Ruckenstein, Lee-Nagaosa, Read-Sachdev
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What is fractionalization? How to materialize?
ﬂ' . Un » Zhu, Zhu PRB 87, 085120 (2013), Sakai et al. PRB 94, 115130 (2016)

-2 Hubbard in the atomic limit (1-site Hubbard)

_
o = CsCs Two-compone‘lit fermion model (TCFM)
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o c''~o c,d : fermion operator,

— 1+ + H

orthogonal as an average at half filling (n_)=1:

exact fermion anticommutation of ¢ and d
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Mottt gap interpreted by TCFKM Imada, Suzuki, JPSJ 88, 024701 (2019)

diagonalization of H - Z[ ﬂEEGTEG n ug,c?;c?a n A(EGTQ’G +he)l, =, = —A :%
= - - o . .
%(CGT —do)=c.'n_ UHB UHB antibonding
U of ¢, and do

LHB LHB bonding
bo =(co +do )IN2, @ =(Co —do) /N2
H=Y[Ebs bo+E.-ar as], E,=0,E. =U
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c.f. CO, AF, Nambu-Jona Lasinio mechanism
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Underlying Concept of Fractionalization

Strong coupling superconductivity and quantum spin liquid
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Neural network algorithm based on fractionalization
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novel neural network/machine learning
algorithm

Correspondence between interacting fermions
and noninteracting MCFM
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Procedure of Fermi machine

1. For given MCFM parameters, calculate the ground state
w.f. of the MCFM ‘\POMCFM>

2. Map‘ LPOMCFM> to the w.f. of the Hubbard ‘ LPoHub> by the mapping rule

~(m) ~(m-1)

d (o = d (o (1 — 271;,(,11_1) ), .....
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—-c
q m=0

3. Calculate <x‘\PoHub> for a given MC sample
<LPOHub H‘LPOHub>

4. Perform MC sampling of (x| and calculate (E,)=

Z<T0Hub H‘x><x‘\POHub>_l 2
:><EO>= x ~ , W(x)=‘<x‘\I’0Hub>

<\P0Hub LPOHub>

Monte Carlo estimate

sample

5. Optimize the MCFM parameters to lower (Ey)



Benchmarks

atomic limit . =y, =-A= v
. ¢ 2
2 sites f. =t t. =—t
c > 7d
4 sites
half filling
exact By Ep by Fermi machine  ¢; A e i
U=4 -2.10275 -2.10275 1.0 -1.002 1.002 4.644 .
U=8 -1.32023 -1.32023 1.0 -2.238 2.238 7.229 Exact mapplng
-1.32023 -1.32023 2.0 -3.330 3.330 10.731
hole doped
exact By FEp by Fermi machine A [Lz ¥ )\%{\f) = )\g‘f‘r{) )\%{\f) = )\ﬁ\f)
U=8 -3.20775 -3.20775 -2.71408  2.71408 4.73336 -0.35912 -0.71824

A k)= 2, cos|k]
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Relation to Self-Energy Expansion

Nakajima (1958) — Zwanzig — Mori(1965)

projection operator method
Roth (1969), Mancini, Matsumoto (1996)

equation of motion method
Onoda,Imada (2001 ,2003)d
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X, A _ ;
73X=<[ L), e A+ 604
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Continued fraction expansion




Heierarchy in TCFM and MCKFM
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| 2 2
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Extension to nonlocal coupling

multi-component =) ~ (m=1)
noninteracting system d to — =d lo (1 2nd<’” n, . ), .....
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Enhance the entanglement of
distant electrons
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Physical Insight of Mapping

Co = ©C

(o}

~

do=c_(1-2n_,__)

~(m) | ~(m-1)

di' =dig ' (1-2n,.,,_,)

Scattering and suppression of double occupation

~(m)t et "

die =3 50 (1= 0)dyy (=)0

incorporate nonlocal correlation and entanglement
between electrons at (¢,0) and (¢',07)

& nonlocal coupling in RBM, DBM
Jastrow factor in conventional VMC(C



o e . o e Amari, Neural Comput. 10, 251 (1998).
Optimization of variational parameters a; ¢ . prg 64 2001) 024512

Natural gradient (Stochastic reconfiguration) method Tahara, MI JPSJ 77 (2008) 114701
1
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Optimization of variational parameters o
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Representability

n=2m
1. ABEFEEHOZREDIRANX —H BT H LS IC
% & @ chemical potential Z EA (X
EERXEBEZEEOEREIREDVETORERZELES.
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Discussions and Outlook  j. Phys. Soc. Jpn. 93, 104002 (2024)

Materialization of fractionalization by fermi machine
Interacting fermions
=) Non-interacting multi-component fermions
cf. holographic correspondence in AdS-CFT,
hidden fermion © bath in DMFT, DMET
bulk-edge correspondence in topological matter
path int. d dim quantum& d+1 dim. classical

ZxIIeo iR, Bk

* RV VAV VY EHEZE> TEFHEHZEY AL X V) 3H1ERAY,

* VMC TCHW3 REREHTHiImMEZBEsTICF vy vy 7HBER S ) —VERKOEO %
RKHOTDIIRECHTED, 7z VIV TIIES,

Outlook

Y Efficient optimization of MCFM variational parameters—large systems

* BNEDFTA bRy 7 ZRL; BHEEFROBEFBELFRNEFEHD
ZEhoHIY EINBAEEE

% Better neural network by mapping to HFB (geminal) states

by Pfaffian instead of SD?
Y Extension to non-periodic such as random systems
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