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Outline

What »~What is Diffusion Model?

> Physics of Diffusion Models

» Stochastic Quantization

» Effective Actions

Why >DM on the Lattice @ 0 e T >

» Generation of Lattice Fields

2023 Scalar Fields Scalar Fields

How  -Expandability, Exactness, Effciency C o
- Scalar Fields @ o )
> Gauge Fields ( iﬁi";ﬂ‘zgj; Felds e
New »Optimal Stochastic Quantization e gz?:t_eﬁeuds )
»Summary and Outlook & e
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What is Diffusion Model?

A Diffusion Model is a type of generative model used in machine learning
to create (or generate) data — such as images, audio, or text — by
gradually transforming random noise into structured data.

— GPT-5

Highly Aceurate
e s A s e Biomolecular Structure
© 2024 RIKEN iTHEMS { , ‘ Predictions of All Life's

Molecules

AlphaFold 3
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https://www.riken.jp/en/news_pubs/research_news/rr/20240808_2/index.html

Diffusion Models

Practical Level

Forward diffusion process (fixed)

Data Noise

> Forward diffusion process

gradually adds noise to input g g b L A

Ho et al., Denoising Diffusion Probabilistic Models, NeurIPS 2020

> Reverse denoising process
|earnS tO generate data by ) Reverse denoising process (generative)
denoising --

Data g Noise

Probabilistic models
To learn how to denoise
from a simple distribution
to a target distribution

pixel value x

time t

© Nvidia
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https://arxiv.org/abs/2006.11239
https://developer.nvidia.com/blog/generative-ai-research-spotlight-demystifying-diffusion-based-models/

Diffusion Model
I u S I o n o e S Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Anderson, in Stochastic Processes and their Applications, 1982

Reverse Diffusion

» Forward Diffusion process is driven by a
stochastic differential equation(SDE)

» Diffusion term: injects noise

> Reverse Diffusion SDE
d
» Drift term is adjusted with a “Score Function” Tgf = [f(¢, 1) — g() Vlog pt(qb)] +|g(D)n(r)

» But how to get the score function ?

— _ 2 s
do = f(¢,$)ds + g($)n do = [f(¢,t) — g(t)*Vglog pe(p)]dt + g(t)n
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https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515

Diffusion Model
I u S I o n o e S Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Anderson, in Stochastic Processes and their Applications, 1982

Reverse Diffusion

> Reverse Generative Diffusion SDE J
> Drift term is adjusted with a “Score Function” 7¢ =||f(d,1) — gz(t) V¢10g p (D) | H|g®n(r)
[

» But how to get the score function ?

b~poi il o) match conditional score
— ¢, > Sp(pp D) R V¢tlog Pod ;| do)

Po ~ Paata >
Vincent, Pascal. Neural computation 23.7 (2011): 1661-1674.
dp , ]
— = V.0 = g3, 0] + gD
. . . B Q /Q ,,,,,,,,, Q
Universal Approximation Theorem (1989,1991) R O\’z“\ S 2 NH ®
@< KK XK =0
A feed-forward network with a single hidden layer containing a finite number ® G<> @Al
of neurons can approximate arbitrary continuous functions. N\ /NN
—0—0
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https://en.wikipedia.org/wiki/Feedforward_neural_network
https://en.wikipedia.org/wiki/Neuron
https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515
https://www.iro.umontreal.ca/~vincentp/Publications/smdae_techreport.pdf

Stochastic Quantization

Copin) _ 5S,1)

+ n(x, 7)

ot - op(x, 1)

\- J

(nx, 7)) =0, (nx,onix', 7)) =2a6(x — x)é(r — 1)
7: fictitious time, a: diffusion constant

Parisi & Wu (1980); Damgaard & Hiiffel (1987); Namiki (1993)

» Fokker-Planck equation

Thermal Equilibrium Limit
— Quantum Distribution

0P|, 7 o o oS ~Plb.T =
[, 7] _ aJd”x + 222\ prg 1] $~P[¢, 7 = 0] ]
ot 6p \o6p O ) ) )
Equilibrium solution (long-time limit), Trajectories
_1
Peq[¢] x e +SelP]
] ] ] 1. No need gauge-fixing!
> Quantum Diffusion with « = 71 2. Can handle Fermion fields naturally
1 — (Complex Langevin Method)
Peqgld] ~ e R Pquantuml®]
Recent review: Gert Aarts, Dénes Sexty, 2604.24290 [hep-lat]
Lingxiao Wang DLAP Seminar, 2026-06-09
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https://www.sciengine.com/Math%20A0/doi/10.1360/ya1981-24-4-483
https://arxiv.org/abs/2604.24290

Stochastic Quantization

i by 4 B

Reverse Diffusion Stochastic Quantization
Reverse Diffusion e Pk oco fikitious time 7
4.(¢) = pr_.(®) i B P, 7]
> Diffusion Models (w/o drift term) Son (1) = —Flogq.(p) | SHectvescton 5,161

@ g(t)°V slog p () + g(0)i et R e
dt 4r(@) = Paa () Ml [
» Define: 7 =T — t(dt = — di) —_
d
W 2V oga) + 7 Per(d) — P, T]
2 2 _ SD_M
introducing noise scale: (;7°) = 2@, time scale: g-A7 peq(¢) X e a

> FP equation
O(@) ~ O(h) ~ 1

= |d"x< gra +—=V,S pAP)
ot sp \6¢p a ! DM Reverse diffusion realizes

stochastic quantization
toward the data distribution.

quSDM = — &V¢10g q.(P)

LW, G Aarts, K Zhou, JHEP(2024)

T —
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https://arxiv.org/abs/2309.17082

DM as SQ

m Stochastic Quantization (SQ) Diffusion Models (DM)

Drift term Fixed, from known action Time-dependent, learned from data
Noise variance Constant (or kernel-generalized) Time-dependent
Dynamics Thermalization + long-time equilibrium Finite-time evolution, 0 < 7 < T', many short runs
Learning : : - , :
objective Based on known physical action S(¢) Learn probability evolution P(¢; 7) from data
) op(x, T 0o(x, 7
Equation L R ~VS(¢) + V2n(z, ) i g° (1) Vylog P(¢;7) + g(1)n(z,7)

or or

Takeaway: The reverse process of a well-trained diffusion model,

near 7 — 1, can be viewed as stochastic quantization toward the input/data distribution.

OO OW
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Effective Action

Single-Well
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Effective Action

u? g
S(p) = 7452 + zdft,
Double-Well

| 0+0 dimensional FT
@) = =1 = 5:0°
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\ A
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Drift term

Action

Effective Action
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Why Diffusion Models?

for Lattice simulations

Generative models

— underlying distributions In data

Lattice simulations

— physical distributions, sampling

Metropolis
Algorithm

Lingxiao Wang

ég
TA

—

.J!u.

/

Acceptance criteria

e ~PEC11)—E(s)

J -
g

TA o

DLAP Seminar, 2026-06-09

p(P)
1
(0) =~ N Z 0;

e >P)]Z

Ensemble
Universal and Accurate, but

Local update, low-efficiency
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Why Diffusion Models?

for Lattice simulations > Implicit Likelihood Models
flexible generation, need data

Generative models > VAEs and GANs
D. Giataganas, et al., New J. Phys. 24, 043040 (2022).

qQ(¢) —> p(¢) K. Zhou, et al., Phys. Rev. D 100, 011501 (2019).

J. M. Pawlowski and J. M. Urban, MLST 1, 045011 (2020).

Physical distributions, Samp"ng J. Singh, et al., SciPost Phys. 11, 043 (2021).
» Explicit Likelihood Models
©  towdimension @ High d‘mensi} tractable, but hard to learn
o ’_@‘ - @’ _| 2 > Autoregressive models
) = 7 N i D. Wu, et al., Phys. Rev. Lett. 122, 080602 (2019).
Q l L. Wang, et al., CPL 39, 120502 (2022).
“n dax AW S P. Biatas, P. Korcyl, and T. Stebel, CPC 281, 108502 (2022).
¥ o Y i = density p(z) > Flow-based models
SR A = & Exponential sparsity

M. Albergo, G.Kanwar, and P. Shanahan, Phys. Rev.
D100,034515 (2019).

© Learn the score (ocainformation) G. Kanwar, et al., Phys. Rev. Lett. 125, 121601 (2020).
Tk . P B W @ no normalization needed o
W Ll .";‘,,:.: é»w—- L ‘{}' - } avoids intractable partition function K. A. NICO'I, et aI., PhyS Rev. Lett. 126, 032001 (2021)
b a 2 LI ” TR g, T
e, . ool P - ‘—) scors el W lognitH ¢ L. Del Debbio, et al., Phys. Rev. D 104, 094507 (2021).
Jl - “*+ leams fr m .
"7 T b { o gk 1 M. Caselle, et al., J. High Energ. Phys. 2022, 15 (2022).
oA e e 6 ERR S. Chen, et al., Phys. Rev. D 107, 056001(2023).
e . Learning the density p(z) ‘ % 7 7 Leaming the score V, log p(z) K. Cranmer, G. Kanwar, S. Racaniere, D. J. Rezende, and P.
; global, high-variance, VS. ‘; ® - local, stable, E. Shanahan, Nat Rev Phys 1 (2023)'
- exponential cost o dimension-agnostic
b‘k Curse of dimensionality: densities live in a vast space, but the score is a local vector field. > SCO re'based mOdels [ThIS Tal k]

= _ = implicit density, explicit score
Curse of Dimensionality
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http://iopscience.iop.org/article/10.1088/0256-307X/39/12/120502
https://link.aps.org/doi/10.1103/PhysRevD.107.056001

Lattice Field Generations
https://github.com/lingxiao-miphys/DMasSQ

What | will (or not) introduce https://github.com/zzzqt/DM4U1
https://dm-qft.github.io/homepage

What | will introduce

> Numerical results for lattice scalar field in 2-dim and 3-dim,
and gauge field simulations in 2-dim and 4-dim

> Expandability of diffusion models for different lattice sizes and couplings
» Exactness of generations — Metropolis algorithms

What | will not introduce, but can be found in Refs and GitHub pages

> Efficiency evaluations on acceptance rates and autocorrelation times
> Predetermined (Forward) Diffusion Schemes

(e.g., Score-Based DM), (e.g., DDPM), etc.
» Training Objective (Loss Function) and Set-Ups

N
» Lo= 2, 0o Entin [ | so(#: &) = Vylog pis140) | j
i=1

> Details of Neural Network for Score Functions
, but modified for different field theories, e.g., L-CNN for gauge fields.

Lingxiao Wang DLAP Seminar, 2026-06-09 17/40


https://github.com/lingxiao-mlphys/DMasSQ
https://github.com/zzzqt/DM4U1
https://dm-qft.github.io/homepage

Lattice Scalar Fields
Scalar ¢* field

> Euclidean action of bare fields
d 1 242 242 ’10 4
Sp = | d%xdr 5(0 h5 + m-Ps) — quo

» Action on discrete lattice

2

d A 2 A
Sg = Z ad[z (¢o(x + a/;)z $o(x)) + ”;0 ¢g +4_(:¢61]

p=1

» Dimensionless form

d
SE= ) [=2k ). p@PCx + i) + (1 = 20)p(x)* + Ap(x)*]

p=1

a Ty = (202

1 —24 61
- 2d, a_d+4/10 = _2
K K

(amo)2 =

Hopping parameter x, Coupling constant 4

Phase Transition

Z , symmetry spontaneously broken above the critical point

Order parameter: magnetization

<|M|>

0.03

0.025

0.02

A 0.015

0.01

0.005

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Phase diagram at d = 2 @Julian Urban

Lingxiao Wang
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https://github.com/julian-urban/lattice-phi4

Lattice Scalar Fields

Different Phases

> Diffusion Models 0.25 0.5 0.75
t=0. t = 0. t = t=

> Variance Expanding with 7= 1.0, 0 = 25

0.8

» Data Generation

» 2D, 32x32 lattice; Hamiltonian Monte Carlo(HMCQC);
5120 configurations for training.

> Broken phase: k = 1.0, 4 = 0.022 *

> Symmetric phase: k = 0.21, 4 = 0.022

=0

60

50
o 40
9]
.g 301 data-set (M) X2
§ Training(HMC) | 0.0012+ 0.0007 | 2.5160 + 0.0457 | 0.1042 + 0.0367

Testing(HMC) | 0.0018 £ 0.0015 | 2.4463 + 0.1099 | -0.0198 + 0.1035
Generated(DM) | 0.0017+ 0.0015 | 2.4227 £+ 0.1035 | 0.0484 + 0.0959

N
o

=
o

s, — LW, G Aarts, K Zhou, JHEP(2024)

Magnetization
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https://arxiv.org/abs/2309.17082

Y Tang, LW, etc., arXiv:2606.xxx

Lattice Scalar Fields

o ) 12:_ — 1 T T 1 r T T 1 r r T 1T T T T 1 .;:‘:',—:
Critical Regime ; ]
1.0F = ad .
i gﬁ@# _
> Data-Preparation 08f Bt 4 ]
= I vvy 4:::F . ]
- < osf el o g o L=26 1
> Wolff cluster flips: ¢, = — ¢, e e IR s Lo
04 C 2 iad #4}## 2~ L = 64 1
> Fourier-accelerated(FA)-HMC ool auas®™ WEg e L= ]
L A —
2, 2 . o 7K, Preeworrnt b R
VaN — VaN A - . 00_ ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) =
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=1 L o III T I_'
H 2500_ o [ — 956 1
L To
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» 2D Critical Point 2000} : L ]
1500:— _— = L= -
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. ] 1000F ° 1
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500} & kS ]
L A
k.(A=0.9)~0.19225 ; et ]
0L o004 _,,;.-;-:::::-::::::::x:::::.».;-; "W#_‘ﬁ.‘_#_‘_}
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Y Tang, LW, etc., arXiv:2606.xxx

Lattice Scalar Fields e —
Criticality

L =128,4 = 0.022,x ~ k, = 0.2705 L=644=09xk ~«k. ~0.1923

100} oy
100} 200} =
50f <
= 0 _ 150} ~ 10} - 100}
o3 1: f —o— 1 Epoches™ xR = 2 sf—— 10 Epoches =
© —a— 10 Epoches & 100¢ ~ —a— 100 Epoches S
501

41 —o— 100 Epoches 1t —o— 1000 Epoches

50F o 05F —a— 20000 Epoches

3D, L64
--v-- HMC K = 0.1923, (crit)
02 05 1 2
k|

0.5f —o— 10000 Epoches

--v-- HMC Kk = 0.2705, (crit)
0.1 0.5 1

100
50}

T

T

T

10

G(|kl)

o
()]
—T T

l IO.1 l T 0.5 o l1 l l l 0.2 l l 0.5 l - 1 l 2
i o o 4
GUk@) = (d@d-a) = (16@I*)
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Expandability

Learn the Sampler, Not Just Samples

theory: p(¢) ~ e @) » configurations
stochastic quantisation A
diffusion model,
SIS backward process
“denoising”
\ 4
configurations P> random

- configurations
diffusion model, forward process

Did we take a detour?

No! We learned a reusable sampling map.

Train once, generate many configurations.
The learned score field can be reused or adapted across related lattice systems.

Lingxiao Wang DLAP Seminar, 2026-06-09
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Near Critical Sampling

(a) NCSN++ U'Net[ t - GFP — Linear + SiLU — tom € Rl ]

(e
LP $ Iy ¥ L1
o =
(L/2)° 4 U (L/2)"

Sra) o
Z/a)?> ¢ ' D (L/4)P
{e-E—

(L/8)P

__J Res Block x2 & Downsample 1> Upsample » Skip (concat)

(b) Res Block

Y Tang, LW, etc., arXiv:2606.xxx

T —

Yang-Yang Tan

Train on small volumes

and generate large ones

Local Operator Acceptance Rate
(feu)(x) = Fe({ ux+0)| o6 e }) training set k= 0.18 K=~ 0.1923 k=102
{4,8} 0.358(84) 0.326(130) 0.334(76)
{4,8,16}  0.548(135) 0.562(47) 0.531(130)
{4,8,16,32} 0.745(38) 0.733(161) 0.618(114)
" = 0.1033, et oitical | 100 -
100¢ 3 50r k = 0.1923, near critical 1
10¢
10} : :
— ; ] — 5F
=~ ] e [
~— [ : ~_ B
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Expandability

Learn the Sampler, Not Just Samples

090 _ |08l a9
o |spo| 5 &
Drift Term
oS

= g%(Ds;(, D g(Di(1)

Score Fucntion

A= A=A

X~Po(X) x~p(x, Bo)

f16S

e.g., pure gauge Bo 0x

s=pY, (1-Rep)
[]

x~p(x, 1)

gé(¢a t) — ﬁsé(¢v t)

Lingxiao Wang DLAP Seminar, 2026-06-09

24/40



Expandability

Physics-Conditioned Sampler

d
99 _L 2w, (¢, ko

op(x, 1) _ (e, 7 —

ot

Drift Term Score Fucntion

Different Lattice Sizes, Inverse Coupling Constants

4 )

Symmetry

Principles

- Physical Data

Back-Propagation ------------------- K Physical Equatiop

G. Aarts, K. Fukushima, T. Hatsuda, A. Ipp, S. Shi, L. Wang*, and K. Zhou,
Physics-Driven Learning for Inverse Problems in Quantum Chromodynamics,
Nature Reviews Physics volume 7, pages154-163 (2025
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Exactness Q Zhu, G Aarts, W Wang, K Zhou, LW, JHEP(2026)

T —

How can one trust DM generation?

1.
B *i—{((\,SH(gﬁ\,,f)+ v I)] -
o FS®) o N(0,1) ﬂ
%o ¢ — $e-1, ) 1 Qianteng Zhu
t <0.01
................ o
¢‘l’—1
|
|
\ 4 ~
. o
3 Yr
x 7 2.
o ¢TA
Metropolis-Adjusted Annealed Langevin

Metropolis-Adjusted Annealed Langevin Algorithm(MAALA)
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https://arxiv.org/abs/2502.05504

DM for U(1) Gauge Field Q Zhu, G Aarts, W Wang, K Zhou, LW, JHEP(2026)

Comprehensive Comparison for 2D U(1) Learned at // = | with 30k cofigurations, L = 16

No Topological Freezing!
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(W1x1) Topological Charge Q
Table 2. Comparison of the I x { Wilson Loops for L = 16,8 = 7 Table 3. Comparison of observables for 8 = 7 at different lattice sizes
Loop size (1) HMC DM Langevin Exact Lattice Size (L) 1 x 1 Wilson Loop Topological Susceptibility
1 0.926(7) 0.926(7) 0.924(6) 0.926 HMC DM Langevin Exact HMC DM Langevin  Exact
2 0.737(31) 0.737(32) 0.730(34) 0.734 8 0.927(13) 0.926(13) 0.921(13) 0.926 | 0.00006(3) 0.0040(12) 0.0143(5) 0.0040
3 0.510(67) 0.496(72) 0.489(73) 0.498 16 0.926(7)  0.926(7) 0.924(6) 0.926 | 0.00013(2) 0.0045(5) 0.0131(5) 0.0039
4 0.311(97)  0.283(96)  0.283(106)  0.290 32 0.926(3) 0.925(4) 0.924(4) 0.926 | 0.00013(2) 0.0040(4) 0.0137(6) 0.0039
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Lattice U(N)/SU(N) Gauge Fields

Diffusion process

David Miiller

Qianteng Zhu

G Aarts, D Habibi, A Ipp, D, Muller, T Ranner, LW, W Wang, Q Zhu, arXiv:2601.19552 [hep-lat]
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https://arxiv.org/abs/2601.19552

DM for U(N)/SU(N) Gauge Fields

Group-Preserving Forward Process

T“ group generators, a color indices
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DM for U(N)/SU(N) Gauge Fields
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DM for U(N)/SU(N) Gauge Fields

Model trained at 5 = 5.0

0.5 -
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Forward diffusion 8 = 5.0
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DM-QFT [260x.xxX [hep-lat]]
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Roadmap toward full QCD

Where shall we go

2023
2024

Scalar Fields
2 dim. 3 dim.

Scalar Fields

2024
K 2026

™\
A A

Gauge Fields
u(1)

2024

2025

7~
A

Fermionic Fields Gauge Fields 225

2027 Toy Model SUNN) 2026
2026 Gauge Fields \
2027 4 dim.
2028
.09  FUIlQCD

4-d Euclidean Lattice

» Systematical 4D Gauge Field Simulations
» Evaluations and Improvements
> Faster Generation
> Fermions
> Pseudo-Fermion, ect.
» Sign Problem

> Complex Langevin Method, etc.

K @RIKEN: 11PFlops (2011-2019)

: Simulations Lattice QCD
"""""""""" Size 96X96X96X96
- ®  Quarks onssites g(x)
3 J ¥l Supercomputer Fugaku
iasieaiesient A1 Resource
| Consumption 312 cores
Gluons on links U, (x, x + p) = exp[—iaA ] Ti
c ime ~ 1 day/configuration
onsumption
Faster and Reliable Simulation 3-5 years to 1-2 days
— —
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Optimal Stochastic Quantization LW [260xxx [hep-at]]

Denoising Sampler

do, = u (¢, )dt + gdw,, 1€ [0,T]

>
b '“Hr 1\ ,\H "“”‘ ) yﬂ' l l ”Mn“ ‘ 's*., T T
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Stochastic Quantization
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Optimal Stochastic Quantization

Denoising Sampler

do, = u (¢, )dt + gdw,, 1€ [0,T]

Physics-driven Decomposition Optimization Objective
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Optimal Stochastic Quantization

Learning a residual force for finite-time equilibration

Physics-driven Decomposition Optimization Objective

1" ,
1) = — 5S15¢) + vy, 1) ZLO) =E, ., EJ 22| vy(, D) > dt + S(¢h,)
0
f+V9, OSIST 0
T > 1 ~ Drarget
Running cost: keep close to physical SQ
Terminal cost: drive endpoint to low-action region
( ) No density 4, no score V logg/, no divergence V- v,
Pret - dpy =f(@ppdt+gdw,, py=m
_ Po: dg; = uy(p, ) dt + gdw,, py=n y vi(g, 1) = g°V ylog h(¢)

(@) = Erep [ | ¢, = ¢
Z Fisher(e) — KL([FDHH[FDref)

Optimal residual drift is a Doob-transform force which
A (‘9) = Fisher(e ) + [Ep 9 [S [¢T]] comes from expected future Boltzmann weight.

Lingxiao Wang DLAP Seminar, 2026-06-09 35/40



Optimal Stochastic Quantization

Learning a residual force for finite-time equilibration

dep, = uy)¢p,, t)dt + gdw,, t € [0,T]

Physics-driven Decomposition Optimization Objective

T
1
— _ -2 2
U b 1) = — 8S18p + vy(hys 1) ZLO) = Egp, |5 | &7 10 P di+ Sp)
e 0 —
f+V9, 0<t<T 0
\ ny
T > 47 ~ Prarget : :
Running cost: keep close to physical SQ
Terminal cost: drive endpoint to low-action region
@ il = No density ¢°, no score V, logg’, no divergence V- v,
il dp, = —VS(¢,) dt + gdw, df:t:?;lunt?ln il do, = (f(de) + vo(de, t)) dt + gdW, deetrr?l;Ln:tlm
physical drift f(¢) = —VS(¢:::i;J at«T drift: physical + residual :;s:l .at i

Vi, 1) = g*V glog h(¢h)
h(h) = Ever [0 | = o)

vﬁ(¢) t)
residual drift
(guiding to target)

Optimal residual drift is a Doob-transform force which
comes from expected future Boltzmann weight.

T L L T T 1] > 1 T 1] 1 T T >
0 t ta ts mete In-1 /S 0 31 ta t3 W tn-1 /I
N AN P,
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Denoising Sampler
0+0 dimension QFT

dep, = uy)¢p,, t)dt + gdw,, t € [0,T]

1.0
0.71 BN Denoising Samples B Denoising Samples
—— True Distribution —— True Distribution
0.61 0.8
0.5
2 0.6
% 0.4 z
g 5
R0.3 = 0.4]
0.2
0.21
0.1
0.0 :
'0 0.0 ) 5 p)
Field ¢ Field ¢
S(¢) = (¢ — 1)? S(¢) = Ly k k=5
(@) =@ -1 (¢)—5¢ —cos(kgp) k=

Marginal density of N = 10* denoising samples (blue)
compared with the exact target distributions

p(P) o e™>P (red)
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Denoising Sampler
Lattice Field Theory

do, = u (¢, )dt + gdw,, 1€ [0,T]

Step 0 Step 10 Step 20 Step 30 Step 40 Step 50
(t=0.00) (t=1.00) (t=2.00) (t=3.00)
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Evolution of a single 128 X 128 lattice field configuration during the denoising process, at k = 0.5,4 = 0.022 (broken phase)
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Optimal Stochastic Quantization
Why Stochasticity Matters

Stochasticity generates quantum fluctuations that prevent the

system from collapsing to a classical saddle point.

Diffeomorphism of Flow makes Jacobian reach singular somewhere when

sample multi-mode systems.

Fisher information changes monotonically, which keeps the ergodicity.

— drift to lower action drift + --3 residual (learned)
noise +
residual .
A &
\/‘V'\
_/ﬂ v f ¥ fvrﬂ‘j
o invertible _—/—\ N\"":"‘w AN
.:‘ map \,‘ : s . o /‘l‘:ﬁf“\'hv‘\*
\ . \WNwatw A /\% ,Q
o~V 7 !“ K \W
prior target prior , target
A~ noise
deterministic stochastic
Lingxiao Wang DLAP Seminar, 2026-06-09 39/40



Summary 0p(x,7)  SSL¢]

Take-home Messages ot N oP(x, 7)

+ n(x, 1)

d¢ = f(¢p,§)d§ + g($)n de = [f(¢,t) — g(t)*Vylog pe(P)]dt + g(t)7
> Physicists can understand DM well _, 4 —
> : (:;:f““) A% oy ) «-~\ e ‘"_':‘ A ' : f.\ o b i
Langevin process S oy e ol KB Vo MW 2
> Diffusion models as SQ o | A/ P 4

» Lattice fields can be well-simulated 1

o 5®) N1
> Scalar and Gauge Fields - 00— O ———@

LN b |\ &

> From 2D to 4D @
> Learn-to-Sample |
. . . ] tflf b1, 1'514 2.
» Starting from existing configs

> Expandable, Exact, Efficient

> Optimal Stochastic Quantization
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Architecture

Y Tang, LW, etc., arXiv:2606.xxx

—

NSCN++ for Scalar Fields

—

(a) NCSN++ U-Net[ t - GFP — Linear + SiLU — temp € R J

(L/4)P (J:L\_’ _, __)_\J> (L/4)P
D

L
(]‘> Up(sar/nple

[} Res Block x2 <i> Downsample -—  Skip (concat)

-
(b) Res Block

input h ]
¥
@ < skip
1]
[ Conv ]
¥
®< ---------- Tam}

GroupNorm, SiLU
\

[
( Conv
[
[

J
]

¥
GroupNorm, SiLU]
]

A
output h’

FIG. 31. Modified NCSN++ score network used for the lattice ¢* ensembles. Panel (a) shows the U-Net map from a noised
field on a periodic L” lattice to a score field on the same lattice. The encoder applies three stride two downsamplings. For the
larger lattices that are multiples of eight, this reduces the spatial resolution to (L/ 8)D . The smallest training lattice L =4 is
handled by the same map, with its bottleneck reduced to a single site (App. E 1). The decoder restores the original resolution
using features stored at the corresponding encoder scales. The fully convolutional map is therefore evaluated with shared
weights on all lattice sizes used in the cross-L tests. The scalar diffusion time ¢ is encoded by Gaussian Fourier projection and
injected into every block. The final output is divided by the VE marginal width ¥(¢). Panel (b) shows the time conditioned
convolutional block. It follows the two convolution layout and time conditioning of the NCSN++ ResBlock, with the internal
residual addition omitted for training stability. All spatial convolutions use circular padding, matching the periodic boundary

conditions of the lattice theory.
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Architecture

o 0.20 1
+~
©
= 0.15 - —
=
= 0.10 f; d

L-CNN for Gauge Fields ?g - - Lorévs;
g 0.05 - == CNN (plaquette)

—— CNN (link)
0.00 A
FIBSIE o (U ) W T T T
diffusion time t
CN
U
gauge links
(iput) predictions

(output)

L-Bilin

gauge inv. output

Figure 2. Schematic representation of a lattice gauge-equivariant convolutional neural network (L-CNN). This architecture
processes data defined on a lattice, representing quantum field theory in discretized space-time. Each layer in the L-CNN is
carefully constructed to preserve gauge symmetry, a property crucial for ensuring physically consistent predictions in quantum
field theory. The network first processes the input lattice data given by gauge links % using simple Wilson loops on the lattice
such as plaquettes (Plaq) or Polyakov loops (Poly) to create objects # that transform locally. These objects are then combined
into progressively more complex Wilson loops while maintaining the symmetry through specialized convolutional (L-Conv)
and bilinear (L-Bilin) operations. Additional gauge equivariant activation functions (L-Act) or exponentiation layers (L-Exp)
can modify the local fields in a gauge equivariant manner. Finally, the network generates gauge-invariant outputs through a
trace layer (Trace) that can be processed by standard convolutional layers to produce the desired physical predictions. Unlike
conventional CNNs, this design is robust to random and adversarial gauge transformations, making it essential for simulations
of fundamental physics. Image from?>.

G. Aarts, K. Fukushima, T. Hatsuda, A. Ipp, S. Shi, L. Wang*, and K. Zhou,
Physics-Driven Learning for Inverse Problems in Quantum Chromodynamics,
Nature Reviews Physics volume 7, pages154—-163 (2025)

Lingxiao Wang DLAP Seminar, 2026-06-09 43/40



Efficiency

Y Tang, LW, etc., arXiv:2606.xxx
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Efﬁciency Q Zhu, G Aarts, W Wang, K Zhou, LW, JHEP(2026)

Metropolis-Adjusted Annealed Langevin Sampler

U(1) in two dim. i e e -
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Efﬁciency Q Zhu, G Aarts, W Wang, K Zhou, LW, JHEP(2026)

Metropolis-Adjusted Annealed Langevin Sampler
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3E for U(1) Gauge Field Q Zhu, G Aarts, W Wang, K Zhou, LW, JHEP(2026)

Comprehensive Comparison for 2D U(1) Learned at // = | with 30k cofigurations, L = 16
V/B L=16,8=7
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Table 4. Comparison of observables for L = 16 at different couplings
Table 1. Comparison of observables for 8 = 1 at different lattice sizes ) 1 x 1 Wilson Loop Topological Susceptibility
1 x 1 Wilson Loo Topological Susceptibilit; coupling (f) . .
Lattice Size (L) ‘ P pologic el y HMC DM Langevin Exact | HMC DM Langevin  Exact
HMC DM _ Langevin Exact| HMC DM Langevin _Exact 3 0.811(17) 0.811(17) 0.809(17) 0.810 | 0.0096(4) 0.0114(6) 0.0106(14) 0.0111
8 0.447(72) 0.445(74) 0.443(80) 0.446 | 0.0402(17) 0.0413(18) 0.0418(18) 0.0406
5 0.894(9)  0.894(9) 0.891(10) 0.894 | 0.0048(2) 0.0058(5) 0.0075(3) 0.0057
16 0.447(37) 0.446(37) 0.444(36) 0.446 | 0.0416(16) 0.0422(17) 0.0421(20) 0.0406 . _ _ o )
32 0.446(18) 0.445(19) 0.445(18) 0.446 | 0.0428(19) 0.0415(18) 0.0412(17) 0.0406 ! 0.926(7) 0.926(7)  0.924(6) 0.926 | 0.00013(2) 0.0045(5) 0.0131(5) 0.0039
64 0.446(9) 0.446(11) 0.445(9) 0.446 | 0.0426(19) 0.0427(20) 0.0420(19) 0.0406 9 0.944(3)  0.942(4)  0.940(6) 0.942 0 0.0031(4)  0.0154(7) 0.0029
11 0.954(3) 0.953(4) 0.950(5) 0.953 0 0.0025(3) 0.0165(13) 0.0024
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https://arxiv.org/abs/2502.05504

Optimal Stochastic Quantization

Emergent Geometry

dep, = ug(¢,, dt + gdw,,

c(t) = NE,|IVIng(p)|?]
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Diffusion Time ¢

Keep monotonicity only

when the noise is reasonable
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Back-ups




Diffusion Model
I USIon o e S Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Anderson, in Stochastic Processes and their Applications, 1982

Score-based model

 Forward Diffusion SDE

+ Drift term: pulls towards mode % =|f(¢, &) +

» Diffusion term: injects noise

» Reverse Generative Diffusion SDE

e Drift term is adjusted with a “Score Function” [f(¢ f) — gz(t) V¢10g pz(¢)] +Hg()n(r)

« But how to get the score function ?

Model the score function with neural networks!

dep
B T 7 One example:
dt ° Se(gb, H+on() Variance Expanding

J($,6)=0

A — 6
Ly = Gl'z[E o\%o E \PilPo [ S ((:bia 6) -V 10gpz(¢z|¢ ) 2] g(é) =0
0 lzzl Po(Po) P Pildo) H 6 b; 0 H , cf e [O,T]
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https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515

Diffusion Model
I USIon o e S Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

PrObabi I istic FIOWO D E Anderson, in Stochastic Processes and their Applications, 1982

 Forward Diffusion SDE

e Drift term: pulls towards mode d¢
o o — =@, S H18(6)n(S)
e Diffusion term: injects noise d&
* Reverse Generative Diffusion SDE
* Drift term is adjusted with a “Score Function” dgb

L = [f(¢, ) —g* )V log p;((/ﬁ)] +Hg(O)n(?)

« Sampling from the SDE or ODE dt

Encoding with Probability Flow ODE

dg
= = [f@.0 - £V logp(@)|

Probability FlowODE

» Enables use of advanced ODE solvers

» Exact Log-Likelihood computation

Generation with Probability Flow ODE

é é ﬁ Ve
: S s
oy
| b g g

Xt

 Recover the Flow-based models

<
X0

XT
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https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515

Diffusion Models

Probabilistic Flow Zoo

Diffusion
* Discrete DDPM
‘—‘ * iDDPM + EDM\EDM-2
- LDM Framework
Variational DDPM
Score-based SDE - DDBM
Diffusion Model k Bridge + Diffusion Schrdinger Bridge
Score-based Model
‘ * Sliced Score Matching FPK equation * Progressive Distillation
* NCSN (SMLD) (Marginally equivalent) " Distribution Matching Distillation
* ScoreFlow Distillation * Consistency Model
ign. X » Latent Consistency Model
Probability flow ODE
« DDIM
* DPM-Solver\DPM-Solver++
Post-hoc samplers « DEIS
Flow matching
Neural ODE * Hamiltonian FM
Continuous g * Discrete FM
45 —— Flow Match
N lizing Fl Normalizing Flows S « Stochastic Interpolants
ormalizing Flows . OTEM
_+ Shortcut Model
Few-step Training * Meanflow
Rectified flow

Transport Mapping — Rectified Flow
, * PeRFlow
Few-step Distillation ~ * InstaFlow

lenny@buaa.edu.cn
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- - - lide fi ETH 202
Physics of Diffusion Models >lide from Gert@ETH, June 2025

Cumulants » Correlations are being destroyed and retrieved
> |f score is determined exactly, full theoretical control

Diffusion models: generation of correlations

o forward process &(t) = K(z(t),t) + g(t)n(t) Ot T BEST 'PHYSICS FOR Al' PAPER AWARD ¥

noise profile  g(t) = o'/T Higher-order cumulants in diffusion models

o backward process . . e :
Gert Aarts, Diaa Eddin Habibi, Lingxiao Wang, Kai Zhou

2'(1) = —K(2(7),T = ) + g°(T — )0 log P(z,T — 7) + g(T — 7)n()

score
T=T-t

[paper] [poster]

t . Machine Learning and the Physical Sciences, NeurlPS 2024
WO main schemes

o variance-expanding (VE): no drift K(z,t) =0
o variance-preserving (VP) or denoising diffusion probabilistic models (DDPMs):
linear drift K (z(t),t) = —1k(t)z(t)

=) = /OT ds f*(t, s)g*(s) kn>2(t) = £n(0)f"(¢,0)

Generating functionals 4th, 6, 8th cumulant with drift (bOPM) "7

full path integral
with sources

o moment generating
T
o e
Z[J] = E[eJ(z,t)fb(fE,t)] 2 e%Jz(I,t)E(t) /D¢0 Po[d,O]eJ(z,t)%(z)f(t,O) g 3
variance
. preserving
o cumulant generating
f(t,00) =0
1 :
W[J] =log Z[J] — §J2($, t)E(t) s 10g/D¢0 P0[¢0]eJ(w,t)¢o(x)f(t,0) variance ° ; ¥ ialant
expanding g ¥ 2 b o
(s £ = S e
o higher-order cumulants f(t,0)) =1 3 : | — K,\,:.],-nc
6nW[J] 6” J 0 - o l):) uf-z u; . l)fﬁ 08 1:) (:0 Ilf2 0?4 . ()fﬂ; 0_lx 1.0
nn>2(t) = JJ(x,t)n J=0 = 6J(x,t)" 1Og]EPo [e (@:)bo(=)/ (%, )] J=0 analytic = analytic score
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