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Find ground state wave function   ψ(s1, s2, ⋯, sN)

Q : Minimize its energy E for a given Hamiltonian H, 

- Matrix product states

ψ(s1, s2, ⋯) = tr[A(s1)A(s2)⋯]

- Tensor network states

ψ(s1, s2, ⋯) = ∑
m,n

BmnAms1s2
Ans3s4

1.   Neural Network Quantum States 1/4

A : Use ansatz and optimize parameters!



- Boltzmann machine states [Carleo, Troyer `17], 
[Nomura, Darmawan, Yamaji, Imada `17], ..

- Feedfoward network states [Saito `18], ..

ψ(s1, ⋯, sN) = ∑
i

fi σ ∑
j

Wijsj + bi

Neural network can be wave functions
1.   Neural Network Quantum States 2/4

 
<latexit sha1_base64="a9OADadzNBfJAU2xBHV2TtSSoK0="></latexit>

Ex) 2-d antiferromagnetic 
Heisenberg model was 
better-approximated

Energy with
RBM states 

# of hidden units



PINN (Physics-informed neural networks)
1.   Neural Network Quantum States 3/4

 (x, t)
<latexit sha1_base64="vRtdbZWQQYJnWLowO7S0JvxbRKM="></latexit>

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

t
<latexit sha1_base64="zo6T5Etn2zQVA56kGqyRQQSQSHA="></latexit>

F [ (x, t)] = 0
<latexit sha1_base64="SymoCbjS0kb7gE7sboT/gSWxqG8="></latexit>

Equations of motion

B[ (x = x0, t)] = 0
<latexit sha1_base64="f5qVRapwsH4HZzXNOURVMhc1UM4="></latexit>

Boundary conditions

Physics observations  (x = xn, t = ti)] =  data
<latexit sha1_base64="qD6bIyLupNY7uBBPd658Fsuvves="></latexit>

L = Ldata + LEoM + LBC
<latexit sha1_base64="GWge9CLCx8TXloK4QzABkR9RM+o="></latexit>

Loss

[Raissi, Perdikaris, Karniadakis `17], ..
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My motivation : continuum ó discrete
1.   Neural Network Quantum States 4/4

So far, most of the work are separated to 
either “discrete” inputs or “continuous” inputs.

- Discretization effects in DNN approximation 
of continuous systems is small enough?

- Concepts in continuous systems – such as topology –
will be modified or surviving?

- How the wave function “space” is generated by
DNN and machine learning?
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QM on a lattice, suitable for DNN
2.   Solving QM with DNN 1/5

Question

For a given Hamiltonian, solve for ground and excited states.
1d or multi-d.  1-particle or many particle. Boson or fermion.

Strategy

1) Prepare your QM Hamiltonian on a lattice.

2) DNN input : spatial coordinate values (x,y,..) on a lattice
DNN output : wave function value f(x,y,..)
loss function : Energy expectation value, for the whole lattice

3) Train DNN and obtain the ground state wave function.
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1d harmonic oscillator on a lattice
2.   Solving QM with DNN 2/5

Strategy 1) Prepare your QM Hamiltonian on a lattice.
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1 à 1  DNN is prepared
2.   Solving QM with DNN 3/5

Strategy

2) DNN input : spatial coordinate values (x,y,..) on a lattice
DNN output : wave function value f(x,y,..)
loss function : Energy expectation value, for the whole lattice

Activation function:
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Successful training with good accuracy
2.   Solving QM with DNN 4/5

Strategy 3) Train DNN and obtain the ground state wave function.
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DNN wave function matches
2.   Solving QM with DNN 5/5
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2 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 1/9

(x,y) : location of the first and second particle

Introduction of interaction

x
<latexit sha1_base64="YOJpYwcc16acN7f/+7XqnfsYwLQ="></latexit>

y
<latexit sha1_base64="CMNOZ39NmxVDGrONffuwPl4ZIBQ="></latexit>

 (x, y)
<latexit sha1_base64="ig+CjE2hUswgtpcAxyIMMj4TiKM="></latexit>

Simplicity:  Symmetrization (boson) is imposed afterwards!!
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2 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 2/9

Compare:
For exact sol. at � = 0

<latexit sha1_base64="eDaArWmgJsN3yz7tDsUfcjohMSc="></latexit>

Boson : 

Fermion : 
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2 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 3/9
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2 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 4/9
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2 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 5/9

Generalization?!
Look inside: Raw wave function before (anti-)symmetrized
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3 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 6/9

Compare:  For exact sol. at � = 0
<latexit sha1_base64="eDaArWmgJsN3yz7tDsUfcjohMSc="></latexit>

Boson : 

Fermion : 

Training result :

� = 0
<latexit sha1_base64="eDaArWmgJsN3yz7tDsUfcjohMSc="></latexit>
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3 particles, 1d harmonic oscillator
3.   Multi-particle / interaction 7/9

Boson : 

Fermion : 
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Excited states (1 particles, 1d harmonic oscillator)
3.   Multi-particle / interaction 8/9

Training result :

DNN output
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Excited states (2 particles, 1d harmonic oscillator)
3.   Multi-particle / interaction 9/9
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Interpretation of the DNN : discrete geometry
4.   Discrete geometry 1/5
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Region-wise linear approximation
4.   Discrete geometry 2/5

2-particle 1d harmonic, DNN DNN with ReLU replacement
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Region-wise linear approximation
4.   Discrete geometry 2/5

2-particle 1d harmonic, DNN DNN with ReLU replacement
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Working as a discrete geometry method
4.   Discrete geometry 3/5

DNN 2-4-4-4-1 DNN 2-20-20-20-1DNN 2-8-8-8-1

Scherk surface

log
h cos y
cosx

i

<latexit sha1_base64="SPLrBWU6CHdT87UJEUE/PJK5Vm4="></latexit>



High curvature region automatically designed
4.   Discrete geometry 4/5

DNN 2-8-8-8-1

DNN 2-20-20-20-1

DNN 2-8-8-8-1

DNN 2-20-20-20-1
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DNN giving optimal lattice, then?
4.   Discrete geometry 5/5

Benefit
1. Computation-easy way to get discrete geometry

2. Works even when no smooth surface is given
3. Interpolates the smooth and the discrete

Quantum gravity!

1. Any space can be embedded as a surface in higher dim

2. Loss function can be Einstein equation

3. Weight quantization à Quantization of space
4. No spin network, thus different from AdS/DL
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Quantum gravity and discrete surfaces : 
How can we sum all possible spacetimes?

Regge calculus
[Regge `61]

Dynamical triangulation
[Ambjorn, Loll `98]

Fixed lattice architecture,
variable lengths

Randomly generated 
lattice architecture,
fixed lengths



training
Neural d-polytopes of type 

Cross section defined by  

Approximating a sphere by neural network

Supervised data set : 
points on a sphere, 

Architecture : 
feedforward NN, 
fully connected, no bias

Activation function : 
Generalized ReLU

||



Neural 2-polytopes of type (n ; 1) for n = 2, 3, 4, 5, 6, 7.

[Result 1] Generative polytopes : 
successful discrete geometry by machine learning



Neural 3-polytopes of type (n ; 1) for n = 3, 4, 5, 6, 7, 8, 9, 10, 11, 12.

[Result 1] Generative polytopes : 
successful discrete geometry by machine learning



Neural 5-polytopes of type (8 ; 1) sliced at codimension-2 plane rotated gradually.

[Result 1] Generative polytopes : 
successful discrete geometry by machine learning



[Result 2] Neural polytopes : 
sphere approximation with various activation functions



Dual polytopes

p=1 p=∞

[Result 2] Neural polytopes : 
sphere approximation with various activation functions
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