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Pendulum &N .. W AR S

0 Collect experimental
data from physical system
(e.g. pendulum time series)

f=z+9.8-sin(x)
f=0.5-3*-9.8-cos(x)

@ When predictive ability
reaches sufficient
accuracy, return the most
parsimonious equations

QOEEREHMOERICE>TIN\I LN TV %IES

Ay

& il
= Az iiitiv
Ax % % VY
9 Numerically calculate

partial derivative for every
pair of variables

f=(x-1.12)-cos(y)
f=091-exp(y/z)
f=0.5-y>-9.8-cos(x)

Generate candidate
symbolic functions. Initially
these are random; later they
are small variations of best
equations selected in (5)

(%[f] =y+ sin(,\')i—:

Ay 2 oy Explore y
— == Candidate
Axlp  Oxlp ) Equations » s o |
0 oo z Ox|,y Ox/ Oy
pare predicted

partial derivatives (4) with
numerical partial derivatives
(2). Select best equations.

o Derive symbolic partial
derivatives of pairs of variables
for each candidate function

nat

Physical System Schematic

Experimental Data Inferred Laws
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v \ VvV - Lagrangian
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Equation of motion

Time (s)
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1.89x1, — 1.51x," — 0.49v,° +
0.41\)]\/2 — 0.082\/]2

Lagrangian

1.37-w* + 3.29-cos(0)

Lagrangian

2. 710+ 0.054w — 3.54sin(60)

Equation of motion

(x—77.72)* + (y — 106.48)

A 4
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Circular manifold

o+ 032w, —
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[Michael Schmidt1, and Hod Lipson, Science 2009]
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Ideal mass-spring system
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== Ground truth
0.0 = Hamiltonian NN
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the manifold hypothesis (Cayton, 2005; Narayanan and Mitter,
2010), according to which real-world data presented in high di-
mensional spaces are expected to concentrate in the vicinity of
a manifold M of much lower dimensionality d ¢, embedded
in high dimensional input space R+ . This can be a potentially

|Embedding result of hand write digit dataset(MNIST) using manifold learning (t-SNE

Laurens van der Maaten
http://lvdmaaten.github.io/tsne/
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Interpolations along straight lines
In the Isomap coordinate space
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Algorithm 1 Estimation of the invariant transformation set

Input: dataset D = {q;i, P q;i AP p;i +A f}i=1 in a given coordinate system.

N,

Output: Invariant transformation set D, = {(aj1,ai2--- ,aiq,az1 -+ ,aqg 261),,“}1 _1-

Step 1: Train the deep autoencoder with dataset D.
Step 2: Using the trained deep autoencoder and REMC method, sampling transformation parameters

ail,an,a, - ,azqg2q from multiple probability distributions P’(ay1, a1z, azy, - - - , azqg24) corresponding

to different noise intensities o’.

Step 3: Select o’ from the distribution structure of the sampling results and output the sampling result of

the selected o’ state as D,,.
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A'0) = (ai(ﬂ), "t ac/z/(a)) = (6111(0)7 "t ald(ﬂ), 6121(0), " azd(ﬂ), "ty ad1(0), oy 24(0))

( fia), -, ay) =0

Ja—qar, - aq) =0

"

k J—BOBT SHEOBEINER )

- / cee /
REREMERLD fet2 U, J, = filay, -+, ay)

a; D—EREEBRDINIA—5 0 LT o= ob,
* WERITH S LT 3.
[ d d d )
(b, by, bg) CA {0 =AN(bYY,, = g(by, . b,)

(& (cl,bl, ., by) =0
4 :
| hy—a(Ca—apb1> s bg) =0

\ Y,
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0
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Algorithm 2 Estimation of infinitesimal transformation

Input: Sampling results of Method 1, D, = {(ajj,a12- - ,a14,a21 ** , @24 24)n, }fj_l

Output: Infinitesimal transformation, 6qy, op,.

Step 1: Extract Dy = {(ck, b1, b2, -+ b, by, from D,

Step 2: Fit D;, with the implicit polynomial function hi(ck, b’l, b’z, d, 8,7, dp) [Eq. (54)] for each .
Step 3: Estimate the likelihood [Eq. (G1)] by numerical integration of Z [Eq. (G2)].

Step 4: Select the indicator vector y and the dimension dé of Minvariant 1n Eq. (534) for each ¢, using the BIC,

. . . Ol (ce.br, ba,) . . .
Step 5: Determine whether the Jacobi matrix Jy; = e (9117, ') 1s nonsingular. If Jy; 1s singular, return to

Step 1 and re-extract D).
Step 6: Differentiate the obtained simultaneous equations with respect to b; around a point ey to obtain
Eq. (52).

Step 7: Solve the simultaneous equations in Eq. (52) and obtain the infinitesimal transformation, 6q;, op;.
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Definitions
H:M.—- R
H:M; - R
My = {q,, pd H(q,, pY)=E}
M= {Qr, Pr| H(Qp, Pr)=£}
w: (qePe) P (Qes1,Pr+1)
u': (QnPe) » (Qei1,Prir)

C:(qe, P Qe+1) Pr+1)
= (QT; Pr,Qri1, PT+1)

f | x if x € Mpxu(Mg)
DNN(X) — y else

where y # X.

T ;M: tangent space of M at identity mat.

G,;: R (conserved value)

fonn - deep auto encoder
trained by M xXu (M)

Relationship between time series dataset M ;Xu (M)
and symmetry transformation set M, . iant

R R
H H’
C
Mg xu(Mg) | M'pxu' (M)
f NN f NN

MgXu(Mpg) fonn([M gxu’ (M'g)])

\ Minvariant = VE {(Cl MEXM(ME) = M’Exu’(M’E)} /

—— [Method 1: Inferring the symmetry (Sec. Il A)]

Mpvariant = VE {c [[M'pXw' (M'p)] = fponn([M'gXu'(M'E)] )}

¥

[ Method 2: Inferring the conservation law (Sec. I1I B)]

_ (86, acl)
[TIMinvariant]l (6}9’ aq

Derived from Noether’s theorem.
(Sec. II)
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Reynolds model [Reynolds et al. 86]

A

Separation:
Steer to avoid crowding
local flockmates

d / separation alignment

Alignment:
Steer toward the average
heading of local flockmates

—

+ F

+ F

Cohesion:
Steer to move toward the average
position of local flockmates

—_

cohesion

Dynamic Parallel

[Couzin et.al 2002]

| Highly Parallel

45
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Reynolds model [Reynolds et al. 86]

A A

Separation: Alignment:

Steer toward the average
heading of local flockmates

& _F o LF

d / separation alignment

Steer to avoid crowding
local flockmates

+ F

Cohesion:

Steer to move toward the average
position of local flockmates

—_

cohesion

FEAZR

. D = {q),p),, q(t; + Ar),, p(t; + Ar);}
(q.P) =(q1 — q1-9 — 42, P1 — P1>P2 — P3)
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i=1
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at + 1.18af, + 0.077a,,a;, = 1
a;; — 1.016a,, + 0.016af, = 0

a, +1.077a,, =0
—0.038a,, + a3; + 1.005a3, + 0.051a,,a,, = 0.967
—0.031ay, + at, + 0.877a3, + 0.056a,,a,, = 0.845

oq = €
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( oay

0a21
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\ 06121

( aa“
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\ ()azl

0a,, )
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66121 )

aa21 \

0a21

0a,,

()a21 )

(103 x 2a,, — 0.039;,

2a,, + 0.039

—1/1.077

MR/ NE D HETE G R
)

‘ !

A=l
q
—2a,, —0.051a,,
1.005 X 2a,, — 0.038 + 0.051a,,

a=l}

Fe1TRFZS [Couzin et.al 2002]
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P RIS

A E D ROMBERBINEEHETE BRI T— 3 A DHH

FER A
AT
e I
M’ 3 i.g\!
éﬁi’% o4
_.iggf 2 -2
conv pool conv pool full dropout full
Dirac SDW
1.0 - | = 10
0.75 L =1 0.75
L=9 |
8 0.5 |
S 05 - — o5 a
47 0.0 ' r
a. 18 42 46 48
0.25 - e pogs [ 025
— L=12 3
. —— L=9 $
0.0 - I L=6 L 0.0 e —
1 I I 1 I 1 I | -0.09 0 0.09
I 2. B8 % & & T 8
=210 interaction U U=160
[Carrasquilla, J. and Melko, R.G., Nature Phys., 2017] [Lusch, B., Kutz, J.N. and Brunton, S.L., Nature Com., 2018]
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TownrpS A GEOMETRICAL UNDERSTANDING OF PHYSICAL PHENOMENA
viA ExTRAcTioN oF Data Manirorps Using A GAN

Kotaro Sakamoto (Univ. of Tsukuba), Yuichiro Mori (Univ. of Tokyo), Yoh-ichi Mototake (ISM)

Learning 2d sphere
G: R? > R3? > R32 - R?2
D: ]RZ_)R32_)R32_)R2_)R1

500 epochs 1000 epochs 10000 epochs

0!

Learning 3d sphere ]epoch 500 epochs 1000 epochs 1000 epochs
G: R® » R128 - R128  R3 fo [
D: R3 - R128 - R128 - R3 - Rl
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Data Set

[Y. Mototake, D. thesis: “Geometrical Structures Embedded in High Dimensional Data Sets and Deep Learning”, 2016]
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