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Background motivation:
Why quantum algorithms are needed?
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Intro: QCD?

Fundamental theory inside of nucleus
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Standard Model of Elementary Particles

interactions / force carriers

three generations of matter

(fermions) (bosons)
| Il 1]
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Motivation, Big goal

Non-perturbative calculation of QCD is important

{ 1

 § _ 4 — /.

,; S = Jd x[ — Ztr F,F"+ 1/1(1@ — gA — m)t//]

Z= J@A@wwis Fo=0A-0A,—iglAA] }
d * This describes...
D_‘O O’ a * inside of hadrons (bound state of quarks), mass of them
W§<Si e e scattering of gluons, quarks
v e Equation of state of neutron stars, Heavy ion collisions,

etc

. Ng%rr]\;perturbative effects are essential. How can we deal
with’

e (Confinement

e Chiral symmetry breaking

Schwinger model with QC



Motivation, Big goal

LQCD = Non perturbatlve calculation of QCD

1
S = [d4x[ — Ztr F,F"+ 1/7(i@ — gA — m)l//]

J@A@w@w F, =0,A, —0,A, —iglA, A,

foSindSiaii g ,. L Ag s o ..-. NSRS S R At —’ _ ' i tint SRl ,.‘-. P o B s o ‘:a,"—' e ey, _poaaa

QCD in Euclldean 4 dlmensmn (t — — 11, same hamlltonlan )
, 1 ]
S = Jd4x[ + Ztr F,F*+ l//(@ — gA — m)y/]

+ This can be regarded "

— - ~S
- J DALY Dye asa statlstlcal system

|

. Standard approach Lattlce QCD W|th Imaglnary tlme and Monte Carlo
e LQCD = QCD + cutoff + irrelevant ops. = “Statistical mechanics”
* Mathematically well-defined quantum field theory

* Quantitative results are available = Systematic errors are controlled

Schwinger model with QC 9



Motivation, Big goal

Sign problem prevents using Monte-Carlo

* Monte-Carlo is very powerful method to evaluate expectation values for

“statistical system?”, like lattice QCD in imaginary time
N

conf 1 1
(O[U1) = —— D OLU,1 + O ) U« PU)==cWeR,
conf . Nconf Z
2000 _
| Great successes! =
-0 §
1500 Eg‘;‘z* =
S 3 [ = Sign problem
§‘1000j e A 3
= ] B | :
500__ +K ; :)i(:tt:lrlment
i o input
arXiv:0906.3599 o1 " S

" Nucle Net Baryon Density
* However, if we have, real time, finite theta, finite baryon density case, we cannot we use
Monte-Carlo technique because e U becomes complex. This is no more probability.

 Hamiltonian formalism does not have such problem! But it requires huge memory to
store quantum states, which cannot realized even on supercomputer.

* Quantum states should not be realized on classical computer but on quantum
computer (Feynman 1982)

Schwinger model with QC



Previous works

M = 0 is good on Classical, T=0 is good for Quantum

lattice field theory calculations on Classical machines based on [J(7) = e—H7

1 .
PU) = Ee—S[U] det(D[U] + m)? Since 1980 (M. Creutz)~

This P cannot be regarded as probability for y # 0

Quantum machines can realize (any) unitary evolutions (Solovay Kitaev theorem),

Phys.Rev.D 105 (2022) 9, 094503

U(t) — €_th etc

No problem for yz0 because we can only use unitary gates (operators)

Also “simple evolution” (short circuit) is preferred for near-term devices

We need a method to calculate T>0 and p=0 for QCD
for near-term quantum devices
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Summary of this talk

Chiral PT with quantum algorithm + machine learning

AT arXiv: 2205.08860

2.5 1.0
Fukushima , Hatsuda
Rept.Prog.Phys.74:014001,2011 2.0 -+ 0.8
o A
2 Quark-Gluon Plasma
= | sQGP
L
g Critical 1.5 - - 0.6
= Point O
>
. ~
) Quarkyonic 4
Hadronic Phase Matter OSSN 1.0 - L 0.4
g .- 3sc ’
Liquid-Gas 7
° = ~ CGolor:Superconductors
A K0, C ine CSC
Nuclear Superfluid Mils-on suzf:ilrl:-::t Baryon Chemical Potential us 05 - 02
Gluonic phase, Mixed phase
Broken
O-O 1 1 1 1 1 1 1 O-O

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
u/g

| investigated T-mu phase diagram using quantum algorithm &
neural network (3-VQE, No sign problem) for Schwinger model




Statistical mechanics with density matrix



DenSity matrix Akio Tomiya

Feynman'’s introduction of statistical mechanics

Pure states:

ppure — |\P><\P| <O> — Tr[Oppure] — <\P | O | \P>

Mixed states:

Pmixed = Z Wi | l//l><l//l | <0> — Tr[Opmixed]

w; represents probability to find a pure state | ;)

1
thermal states(grandcanonical ): Mixed states with w; = Z e 1Eimpm)

or we choose,

1 .
PTy = Ee_%(H_”N ) (O)r,, = TtlOpr,]

What we need to evaluate

ceo noox Classics




DenSity matrix Akio Tomiya

Quantum version of probability distribution

t Thermal-quantum average in general ]

(0) = Tr[Op]

General Properties of density matrix p

Hermitian (namely diagonalizable), positive (semi) definite

It unifies discretion of pure states and mixed states
Normalized: Tr[p] = 1

We can regard p as quantum version of probability distribution p(x)

, e9) 8S=-— de p(x)log p(x) (Shannon entropy)

<—> S =-Tr[plogp] (Von-Neumann entropy)

Distance between two density matrices = quantum relative entropy (later)



QFT with Hamiltonian & Schwinger model
(Schwinger model as a spin model)

16



QFT with Hamiltonian
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Schwinger model

=2D QED: Solvable at m=0, similar to QCD in 4D.

Schwinger model = QED in 1+1 dimension wsmessnecmemon

1 0
S = [dzx[ — ZF””FW + l/'/(i@ — gA — m)l//+ i—eﬂyF”’/]
T

psma pama e o s oo e ) pma pama

Similarities to QCD in 3+1

e (Confinement

. Chi(r)al symmetry breaking (different mechanism), gapped even
m= y

Y72 _ g _— — )
(Wy) = — T g0.16

* Topological term can be included as in QCD

e Vacuum decay by external electric field (Schwinger effect)



Hamiltonian of Schwinger model  *“™™=

=2D QED: Solvable at m=0, similar to QCD in 4D.

Schwinger model = QED in 1+1 dimension swemmssnmemmremm,

5= a2 = 1F P4 p(io — oA -
X a1 +l//<1 g m)t//

e Strategy
1. Derive Hamiltonian with gauge fixing
2. Rewrite gauge field to fermions using Gauss’ law

3. Use Jordan-Wigner transformation — Spin system

Why? next page



Hamiltonian of Schwinger model  *“™™=

Schwinger model in spin language

Schwinger model = QED in 1+1 dimension swemmssnmemmremm,

5= a2 = 1F P4 p(io — oA -
X a1 +l//<1 g m)l//

'- Strategy(1gauge fix, 2Gauss’ law, 3Jordan-Wigner trf)
¢ Schwinger model on the lattice (staggered fermion, OBC, Spin rep.) ~=====~,
no 7.+ (=1)
J

2
Hzﬁglxnxrﬁl_l_ynyrﬁll +%§(_1)nzn+%z Z( y >+€O

 §

n _j:l | '

o TRy

* Spin representation is necessary to use quantum device
(Analogous to floating point rep. in classical machine)

e (QCD + QC also requires this strategy)



Hamiltonian of Schwinger model  *“™™=

=2D QED: Solvable at m=0, similar to QCD in 4D.
(detail)

Schwinger model = QED in 1+1 dimension swemmssnmemmremm,

1
S = szx[ — ZFm F* + l/_/(i& — gA — m)l//]

0L .
II(x) = — = A(x) = E(x)
0Al(x)
# H = de — iy (9, +igADy + migy + %Hz
Ag =10 =0 :
0.E =gyry (Gauss’ law constraint)

This constrains time evolution to be gauge invariant




Lattice Hamiltonian formalism

Hamiltonian on a discrete space

1
= [a’x — ipy (0, +igA)Dw + mipy + 51’[2

Gauss’ law 0.E = gy’

_EH(X) — L, upper componentof ¥ = Yoven—site

—agA,(x) > ¢, lower componentof i = ¥, 44_sice
Schwinger model on the lattice (staggered fermion) srsmmmsmemcmensmemr:
I P ]
jH=-— 1 [){,Ll " xnel¢"xn+1] + mz;( D 2+ z‘; L, "
1 e n= n= |

1
Gauss’law L,—L, ="y, - 5(1 - (="

.




Lattice Schwinger model = spin system """

Gauge trf, open bc, Gauss law -> pure fermionic system

detail
( )Schwmger model on the lattice (staggered fermion) = s e Sy
i"l i N—-1 . gza N—1 'v
'_ H = Z [)(Z+le_l¢n)(n )(Telgbn)(rﬁl] +m Z ( l)n)(n)(n T Z Lr% i
£ n=1 n=1 n=1
1 f
Gauss’ law | L, L, = 1"z, =5 (1 - (1) |}

L, = ¢, € R (open B.C.), and insert “Gauss’ law”

n—1

U, = He_i¢f

j=1
Xn = Uty
e_i¢n—1 - Un_le_id)n—lU;

remnant gauge transformation

—'Schwinger model on the lattice (staggered fermion, OBC) ==rmemmermmmmmnmcm,

1 f i N ' (i, L=
|  H=—— [)(n+1)(n—)(n)(n+1]+m2(—1) )(n)(n_l_TZ Z(ﬂfj%j_ ) >+€0 h
| n no 4 J 1




Lattice Schwinger model

We requires anticommutations to fermions

(detail)
£~ Schwinger model on the lattice (staggered fermion, OBC) =rmrsssemmmemmccs,

{ i T T n,t g2a C ¥ 1 — (_1)j
{H=-- [)(nH)(n _)(n)(n+1] + mz (=" X0, + - Z Z ()(J Xi— ) + €

2an . 2

n L j |

System is quantized by assuming the canonical anti-commutation relation
—*- o . _ . .
WG Xt = 10y j, k = site index
On the other hand, Pauli matrices satisfy anti-commutation as well

{o",0"} =20,,1 p,v =123

Quantum spin-chain case, each site has Pauli matrix, but they are “commute”.
We can absorb difference of statistical property using Jordan Wigner transformation
X:: Pauli matrix of x on site |

Jordan-Wigner transformation: Xn = 5 I I (1Z) Y;: Pauli matrix of y on site |
j<n  w Zj: Pauli matrix of z on site

his guarantees the statistical property
This (re)produces correct Fock space.

We can rewrite the Hamiltonian in terms of spin-chain



Lattice Schwinger model = spin system """

Jordan-Wigner transformation: Fermions ~ Spins

(detail)
¢« Schwinger model on the lattice (staggered fermion, OBQC) ==mrrmsmwrrmmmmnncm,
- 42
I 2 n ; !
1 g-a I —(-1)
— T _ T 1\t T, _
,\ n n | ] i \
—1Y, ,
2 H(lzj) Jordan-Wigner transformation
j<n
Xj: Pauli matrix of x on site j
X +1Y
)(Z =L 1 I I (_iZj) YJ Pauli matrix of y on site j

2

j<n Z;: Pauli matrix of z on site

# Schwinger model on the lattice (staggered fermion, OBC, Spin rep.) ===,

4 _ . q9 2

{ i n 7+ (=1)

; H = 461 [X Xn+1 + Y n+1] Z ( l)nZ + P Z Z < d 9 ) + €0 .
L j=1 _ 2

[Y. Hosotani 9707129]




State preparation, VQE and Beta-VQE



State preparation, VQE and Beta-VQE """
State preparation is hard

We are interested in expectation value with true ground state for Hamiltonian

(0) =(Q|0]|Q)

For the actual ground state H | Q) = E;| )

-0.10 T

-0.12

On the quantum algorithm, the ground state can be prepared using adiabatic state
preparation = long unitary evolution

-0.141

—0.16 1

(gy)

B Chakraborty, M Honda, T Izubuchi, Y Kikuchi, AT
Phys.Rev.D 105 (2022) 9, 094503

—0.18

—0.201

—0.22 1

0.0 0.1 '

-0.31
0.2 0.3 0.4 0.5
6/2n

0.5

1.0 1.5 2.0
g

BUT, Near term quantum devices are only capable to deal with simple (short) circuit
since technology has been developing

Variational approaches help to evaluate the ground state to evaluate the expectation value
= Variational Quantum Eigen-solver (VQE)



VQE (Variational quantum eigen-solver) 1/2 "™

Variational approach to prepare a pure state

« (Iterative) Variational method with quantum and classical machines to prepare a pure state 1304.3061

. We use a product state, |6) =100Q|0)R0H)R|0)® --- = ® |0) , which is easy to prepare

e Try to mimic |¥) ~ U9|6) by tuning @ for the ground state | ¥). Used to calculate | (¥ |O|P)|°

—i0,Y,/2

~

« U, : unitary circuit acting on more than 2 qubits. 0: Parameters. Like combinations of UE\J?TG:

QE System: H = 2 hy,

k
(P 1| ¥) 1P % €O | Ul Up| 0) 17 p\t‘

(re) construct

a (H)y = 2 (ho

h, minimize (H)Q tuning 6




VQE (Variational quantum eigen-solver) 2/2 *° "™

Variational approach in density matrix
» Target density matrix: p = | W){(W|, trp = 1 (e.g. Ground-state of H)

1304.3061

« We mimic |¥) ~ U9|6) by tuning &

« Equivalently, p, = U,| O>)( 0| Uy trpy,=1,(V|0O|¥) = Tr[p,0]

QE System: H = 2 hy,
k

[OF |1y | B) 1 = | (0| Ui Uy | 0) | '”p\“t‘

~

(re) construct

= (H)g= Y ()
[ k
h, minimize (H'), tuning ¢
—| —X




Beta VQE 1/4

Extended VQE for mixed states

Jin-Guo Liu+ 1902.02663

P = Z Pyl X1 Uyl X ){(X | Uy as an ansatz (mixed state)

{Xx'}
« X = (xl,xz,x3,---,xk,---)T, and x;, € {0,1}

. p¢[7]: Parametrized joint distribution for a configuration of X, normalized.

@ is a set of parameters.

¢ ® = 60 U ¢ (quantum and classical parameters)

c [ X =1x)® %) ®|x3) ® - ® |x,) ® -+, a product state

e This ansatz is correctly normalized:

Tripel = ) py X1 Te{Up | TN Ul = D pylx] =1
{%) {X)

|

. (O)r, = TrlpgO], if pg = p for p = EQ_T

(H—uN)



Beta VQE 2/4

Extended VQE for mixed states

Jin-Guo Liu+ 1902.02663

. How can we realize pg =~ p for p = Ee_T

* Minimize Kullback-Leibler—-Umegaki divergence (pseudo-distance)

p
. D(pg|p) = Tr[pgIn 7(9] = Tr[pg In pgl — Trlpg In p]

* Relative entropy for density matrices (Classical ver. is called KL div.)

» This is bounded D(pg | p) > 0 and saturated iff pg = p

* |n practice, we minimize shifted one,

1 N
Z(©) = D(pglp) — InZ = Tr[pgIn pg] + ?Tr[p@(H — UN)]

const



N Ot e (S ki p) Akio Tomiya

|

We can define, a loss function, -Z(©) = D(pel|p) Pru = Z—e‘%(ﬁ‘”ﬁ )
T
- Pe
D(pellp) = Tr [pe log —], (24)
M pT,y,
= Tr [pe log pe] — Tt pe log pr,]; (25)
. 1 18 R
= Tr [pe log pe] — Tr [pe log ——e~ 7 H=+#N)], (26)
! ZT,p,
1 A N
= Trpe log pe] + Tt |pe log Zr,,.| + = Tr [pe(H — uN)], (27)
1 A N
= Tr |pe log pe] + Tr [pe]log Zr,, + = Tr [pe(H — pNN); (28)
1 A N
= Tr [pe log pe] + log Z7,,, + AT lpe(H — uN)). (29)
(const in ©)
The last line follows because pg is normalized.
In practice, we use,
. 1 . .
Z(8) = Z(8) —log Zr,. = Tt [pe log pe] + - Tr [pe(H — pN)]. (30)
Namely,
1
Z(©) = Tr[pe log pe] + =Tt [pe ], (31)

T

32



Beta VQE 3/4

Extended VQE for mixed states

Jin-Guo Liu+ 1902.02663

1 N
. Z(0) = TrlpgIn pg] + 7Tr[p@(H — uN)]

_ Trlpglogpel = ) py(X)log py(X)

{x’}
e We need two derivatives
0 0

—ZL(0) = Z py(X)[log p,(X")] : Classical

a¢ a¢ (%) p: a neural network
-> gradient descent

0 Z(0) L9 (X |UIZU,| %°)]: Quant
s — X X )] Quantum
00 T 00 07" ¢

REINFORCE algorithm



Beta VQE 4/4

Extended VQE for mixed states

1 Jin-Guo Liu+ 1902.02663
. We minimize the loss functionZ(®) = Tr[pg In pg] + ?Tr[p@(lfl — uN)]

- Variational bound: Z(®) —logZ;, > 0

* We use SU(4) ansatz for each 2 qubits for U, (let me skip)
* Advantage of beta VQE

* No sign problem, even with the chemical potential

* Bounded variational approximation
* Disadvantage

e Systematic error

e Need numerical resource if we use a classical machine



MADE: Masked Auto-encoder for Distribution Estimation
1502.03509

| (mostly) skip this section in the seminar

35



1502.03509

Summary of MADE

(simple) Neural network for probability estimation

 MADE = Masked Auto-encoder for Distribution Estimation
e Auto-encoder is a neural network

* |t can mimic a joint distribution of binary variables
o (Xq,X,,X3,X,) is distributed as p(x;, Xy, X3, X,) = p[ X |
|t is categorized as a generative model (as normalizing flow)

|t is correctly, normalized



Simulation results



Simulation results

Simulation setup

AT arXiv: 2205.08860

e g=1,Nx=(4,0),8,10, 1/T =[0.5-20.0], mu= [0-1.4], 4 lattice spacings
1/2a = [0.5-0.35]

 We do not take large volume limit but take continuum limit
e (Practically, Nx>10 cannot be calculated on our numerical resources)

e (My previous work shows data from Nx>12 are essential to take
stable large volume limit though)

e Beta VQE:
e Unitary = SU(4) ansatz
e (Classical weight = MADE
e Training epoch is 500, sampling = 5000
e Observables
e Variational free energy (exact and variational one)
e (Translationally invariant) Chiral condensate



Simulation results

Variational free energy is O(1), Nx=10

Akio Tomiya

AT arXiv: 2205.08860
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00/01 |4 |0.5]|-27.779 |-27.781| 0.00804
0.0/0.1] 4 [0.35]] -27.807 [-27.808| 0.005
0.0/0.1 10| 0.5 || -70.686 |-70.718| 0.0459
0.0 0.1 ]10(0.35]|| -71.744 |-71.765| 0.0302
00|05 |4 ]0.5]| -5.792 | -5.802 | 0.185
0.0/0.5] 4 [0.35]] -5.885 |-5.891 | 0.105
0.0/0.5(10| 0.5 -17.133 | -17.25 | 0.68
0.0 0.5]10(0.35]|| -18.849 [-18.934| 0.448
0.0 (10.0] 4 [ 0.5 | -1.748 | -1.75 | 0.161
0.0 (10.0| 4 [0.35( -1.829 |-1.829 | 0.0184
0.0/10.0/10| 0.5 || -8.218 |-8.341 | 1.48
0.0 /10.0( 10 |0.35]|] -9.98 |-10.03 | 0.496
0.0(20.0] 4 [{0.5 ]| -1.492 |-1.739 | 14.2
0.0 (20.0] 4 [0.35]] -1.653 |-1.806 | 8.46
0.0 {20.0/10| 0.5 || -8.202 |-8.328 | 1.51
0.0 (20.0] 10 {0.35]] -9.955 |[-10.006| 0.509

1.4
1.4
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0.35
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-3.673
-3.621
-10.028
-11.699

-3.681
-3.669
-10.224
-11.862

0.218
1.31
1.92
1.37



Simulation results
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Variational free energy is O(1), Nx=10
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1.Mild dependence on [

2.Hard for T -> 0 (large deviation) as expected




Simulation results

Continuum extrapolation for Nx = 8, 10

AT arXiv: 2205.08860

So far it looks good
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We use Nx = 10 results for the phase diagram



Simulation results

Continuum extrapolation for Nx = 10
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* We investigate T-p phase diagram for Schwinger model
e Continuum extrapolation has been evaluated
e Variational approach do not show difficulty for our parameter regime

 Towards to go large volume, optimization of code, GPU version,
tensor network (real device?)

e Towards to investigate QCD. We need theoretical development to
represent SU(3) variables with qubits (several candidates are avalable)






