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研究内容
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新たな計算物質科学 
のフレームワーク 機械学習 

RBM, neural network, …

量子多体論 
DMFT, FLEX, …

第一原理計算 
DFT, DFPT, …

機能物性予測・設計へ

t

U



：functional (nonlinear)

: data

Machine Learning

Modeling unknown relationship between data

F
<latexit sha1_base64="1NabSqKGSCYygjGMZcve+1h8Gvs="></latexit><latexit sha1_base64="1NabSqKGSCYygjGMZcve+1h8Gvs="></latexit><latexit sha1_base64="1NabSqKGSCYygjGMZcve+1h8Gvs="></latexit><latexit sha1_base64="1NabSqKGSCYygjGMZcve+1h8Gvs="></latexit>

y(x) = F [�(x),x]
<latexit sha1_base64="jk55SSHw3gm0NIWxd+6hvlRNxnI="></latexit><latexit sha1_base64="jk55SSHw3gm0NIWxd+6hvlRNxnI="></latexit><latexit sha1_base64="jk55SSHw3gm0NIWxd+6hvlRNxnI="></latexit><latexit sha1_base64="jk55SSHw3gm0NIWxd+6hvlRNxnI="></latexit>

x, y(x)
<latexit sha1_base64="qKZhg8U0H80fzxHjn5PKsZiAwTg="></latexit><latexit sha1_base64="qKZhg8U0H80fzxHjn5PKsZiAwTg="></latexit><latexit sha1_base64="qKZhg8U0H80fzxHjn5PKsZiAwTg="></latexit><latexit sha1_base64="qKZhg8U0H80fzxHjn5PKsZiAwTg="></latexit>

Example: Handwritten digit recognition　

x
<latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit>

y(x)
<latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit>

https://note.mu/sadaaki/n/n362a3f0fa5a9

→   ８

→   ５

x
<latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit>

y(x)
<latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit>

→  useful in extracting essential pattern from data

：Basis of the Hamiltonianx
<latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit><latexit sha1_base64="SqhNy17yX9iTNkSLOhMb/MnzaJU="></latexit>

y(x)
<latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit><latexit sha1_base64="ZWRX6ARps9h5jVhypRnBBlW1y34="></latexit>

Extract essential pattern of wave functions (data compression) and  
obtain accurate representations with a finite number of parameters

Application to quantum many-body systems 

：Amplitude of quantum many-body wave function

: 0-9 digits: pixel data of images
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https://note.mu/sadaaki/n/n362a3f0fa5a9
https://note.mu/sadaaki/n/n362a3f0fa5a9


Quantum many body problems
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H| GSi = E0| GSi
<latexit sha1_base64="REhqCA9kAzRqB3g3lXwQD0wmHOk="></latexit><latexit sha1_base64="REhqCA9kAzRqB3g3lXwQD0wmHOk="></latexit><latexit sha1_base64="REhqCA9kAzRqB3g3lXwQD0wmHOk="></latexit><latexit sha1_base64="REhqCA9kAzRqB3g3lXwQD0wmHOk="></latexit>

Accurate ground-state calculations：Grand challenges in physics as well as in quantum chemistry 

H| i = E| i
<latexit sha1_base64="6U6vIKPNQAk5aO44uIcfIDT5Gqc="></latexit><latexit sha1_base64="6U6vIKPNQAk5aO44uIcfIDT5Gqc="></latexit><latexit sha1_base64="6U6vIKPNQAk5aO44uIcfIDT5Gqc="></latexit><latexit sha1_base64="6U6vIKPNQAk5aO44uIcfIDT5Gqc="></latexit>

Hamiltonian Eigenstate

H = J
X

(i,j)

�i · �j

<latexit sha1_base64="+aC91gqGwHDLDbCuko+2mvLkiWs="></latexit><latexit sha1_base64="+aC91gqGwHDLDbCuko+2mvLkiWs="></latexit><latexit sha1_base64="+aC91gqGwHDLDbCuko+2mvLkiWs="></latexit><latexit sha1_base64="+aC91gqGwHDLDbCuko+2mvLkiWs="></latexit>

Example of many-body Hamiltonian：Heisenberg model (interacting S=1/2 quantum spins, effective model for Mott insulator)

Ground state： 
          Lowest-energy eigenstate（vector with exponentially large dimension）of Hamiltonian（matrix with exponentially large dimension）

→ Most stable quantum states at zero temperature

| i =
X

x

 (x)|xi
<latexit sha1_base64="yWA6aPgjNaoLO95+dsRYqgkbjBs="></latexit><latexit sha1_base64="yWA6aPgjNaoLO95+dsRYqgkbjBs="></latexit><latexit sha1_base64="yWA6aPgjNaoLO95+dsRYqgkbjBs="></latexit><latexit sha1_base64="yWA6aPgjNaoLO95+dsRYqgkbjBs="></latexit>

model relation between x and Ψ(x)（machine learning）

|xi = |�z
1 ,�

z
2 , . . . ,�

z
N i

<latexit sha1_base64="KTxnYlDYLQ1g5qUeNrmQ5zN9HUI="></latexit><latexit sha1_base64="KTxnYlDYLQ1g5qUeNrmQ5zN9HUI="></latexit><latexit sha1_base64="KTxnYlDYLQ1g5qUeNrmQ5zN9HUI="></latexit><latexit sha1_base64="KTxnYlDYLQ1g5qUeNrmQ5zN9HUI="></latexit>

sum over 2N configurations  (Heisenberg)

 (x) ⇡  �(x)
<latexit sha1_base64="8AKoe7VkU99plAe/YaOF4nNncEY="></latexit><latexit sha1_base64="8AKoe7VkU99plAe/YaOF4nNncEY="></latexit><latexit sha1_base64="8AKoe7VkU99plAe/YaOF4nNncEY="></latexit><latexit sha1_base64="8AKoe7VkU99plAe/YaOF4nNncEY="></latexit>

γ: parameter set (finite number) 



Restricted Boltzmann machine (RBM)
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Interaction	Wij

Mag.	Field	(bias	term)	bj

Mag.	Field	(bias	term)	ai

Paul Smolensky (1986) 
G. E. Hinton, R. R. Salakhutdinov, Science. 313, 504 (2006)

 Single hidden layer + interlayer coupling only → restricted Boltzmann machine (RBM) 

 Marginal distribution         can represent any distribution over {0,1}N with infinite M

 Energy function

 Boltzmann distribution

 Marginal distribution

K. Hornik, Neural Networks 4, 251 (1991); G. Cybenko, Mathematics of Control, Signals and Systems 2, 303 (1989); N. L. Roux and Y. Bengio, Neural Computation 20, 1631(2008).



Using artificial neural network to solve quantum many-body problems

Interaction	Wij

Mag.	Field	(bias	term)	bj

Mag.	Field	(bias	term)	ai

 (�z) =
X

{hj}

exp
⇣X

i

ai�
z
i +

X

i,j

�z
i Wijhj +

X

j

bjhj

⌘

�z =
�
�z
1 ,�

z
2 , . . . ,�

z
N

�

hj = ±1

G. Carleo and M. Troyer Science 355, 602 (2017)

Learning quantum states: Optimization of RBM parameters using nonlinear loss function (Energy)  

Quantum correlations among physical spins via artificial neural network   

Can represent any wave function with infinite number of hidden units (universal approximation) 

: real space spin config.

: spin of hidden neuron

RBM wave function

 (�z) = e
P

i ai�
z
i ⇥

Y

j

2 cosh
⇣
bj +

X

i

Wij�
z
i

⌘
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Spin config.                  wave function
RBM

�z
<latexit sha1_base64="VYykaxCJEAhEg4XXUkOkJvCQ4WA="></latexit><latexit sha1_base64="VYykaxCJEAhEg4XXUkOkJvCQ4WA="></latexit><latexit sha1_base64="VYykaxCJEAhEg4XXUkOkJvCQ4WA="></latexit><latexit sha1_base64="VYykaxCJEAhEg4XXUkOkJvCQ4WA="></latexit>

 (�z)
<latexit sha1_base64="Cg45e9Ms0cxZsdc31ouSyricbU8="></latexit><latexit sha1_base64="Cg45e9Ms0cxZsdc31ouSyricbU8="></latexit><latexit sha1_base64="Cg45e9Ms0cxZsdc31ouSyricbU8="></latexit><latexit sha1_base64="Cg45e9Ms0cxZsdc31ouSyricbU8="></latexit>



Example: 1D Antiferromagnetic Heisenberg model (8site)
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wave function (real and positive for any x) RBM interaction parameter

Exact  
Initial RBM 
Optimized RBM

ψ
(x
)

x

W

gauge transformation  
σx,y →  -σx,y for one of sublattice

Optimization following variational principle : E0: ground state energy  hHi =
h |H| i

h | i
� E0

Initial  
Optimized

optimization of nonlinear function using nonlinear cost function  
→ equivalent to machine learning task



Extensions to various systems
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Fermion systemBoson system

without frustration 
（Heisenberg model）

 Itinerant electrons in solids

Electron-phonon coupling

 Spin system (localized Mott insulator)

with frustration 
（J1-J2 Heisenberg model）

Carleo and Troyer (2017), …

YN and Imada arXiv, … 

YN JPSJ (2020) 
Editor’s Choice

YN et al., (2017), …

Bose-Hubbard model（itinerant）
Saito (2017), …

（Holstein model)

 Molecules（H2, LiH, …）
Han et al., Choo and Carleo, …

From benchmark to “true” applications to challenges in physics

※ Why is the machine learning powerful？ 
　　→ Exact quantum-classical mapping using deep Boltzmann machine (c.f. numerical mapping using RBM) 

G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)

（Hubbard model)

①

②



DBM (deep Boltzmann machine) wave function
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visible layer

hidden layer

deep layer

…

…

…

�z
1 �z

2 �z
3 �z

N

hMh1 h2 h3

d1 dM 0d2 d3

Wij

W 0
jk

…

…

…

�z
1 �z

2 �z
3 �z

N

hMh1 h2 h3

d1 dM 0d2 d3

=
X

h,d

e
P

i ai�
z
i +

P
i,j �z

i Wijhj+
P

j bjhj+
P

j,k hjW
0
jkdk+

P
k b0kdk (�) =

X

h,d



 reproduce imaginary-time evolution by dynamically modifying DBM network 

Physical quantities are measured by MC sampling of classical visible and hidden spins 

DBM representation of ground states
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Pros 

Cons

much more flexible representability 

    

cannot trace out both h and d analytically 
 (need to sample hidden spins to obtain wave function) 

DBM compared with RBM

| (⌧)i = e�H1
�⌧
2 e�H2�⌧ . . . e�H2�⌧ e�H1

�⌧
2 | 0i

Key idea

Novel class of quantum-to-classical mapping 

X. Gao and L.-M. Duan, Nat. Commun. 8, 662 (2017).

(no need to perform stochastic optimization of parameters! everything deterministic ! )  

G. Carleo, Y. Nomura, and M. Imada, Nat. Commun. 9, 5322 (2018) (see also N. Freitas et al., arXiv:1803.02118)



Example: Transverse-Field Ising model
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H = H1 +H2

H1 =
X

l<m

Vlm�z
l �

z
m

H2 = �

X

l

�l�
x
l

e��⌧Vlm�z
l �

z
m |DBMi

e�⌧�l�
x
l |DBMi

Hamiltonian:

Interaction (classical):

Transverse-field:

How to express short time propagators by DBM ? 

Interaction propagator:

Transverse-field propagator:

G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)



Example: Transverse-Field Ising model
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G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)

W̄lj = Wlj +�Wlj = 0



DBM construction for Heisenberg model
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Initial State

Step 0

New d and W 0

Step 1

Modify W

Step 2

�z
m�z

l

d[lm]

Step 3

New h,W,W 0

(real)

Step 4

New h,W,W 0

(constraint)

�z
m�z

l

a) b) c)

d[l] d[m]

�z
m�z

l

d[lm]
<latexit sha1_base64="1rHWp+jZUNKnTdkHtoE0FANu1w4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsNu3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHGmjet+O5WV1bX1jepmbWt7Z3evvn/woNNcEeqTlKeqG2FNOZPUN8xw2s0UxSLitBONbqZ+54kqzVJ5b8YZDQUeSJYwgo2VunG/CLgIJ/16w226M6Bl4pWkASXa/fpXL05JLqg0hGOtA8/NTFhgZRjhdFLr5ZpmmIzwgAaWSiyoDovZvRN0YpUYJamyJQ2aqb8nCiy0HovIdgpshnrRm4r/eUFuksuwYDLLDZVkvijJOTIpmj6PYqYoMXxsCSaK2VsRGWKFibER1WwI3uLLy8Q/a1413bvzRuu6TKMKR3AMp+DBBbTgFtrgAwEOz/AKb86j8+K8Ox/z1opTzhzCHzifP6i3j+k=</latexit><latexit sha1_base64="1rHWp+jZUNKnTdkHtoE0FANu1w4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsNu3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHGmjet+O5WV1bX1jepmbWt7Z3evvn/woNNcEeqTlKeqG2FNOZPUN8xw2s0UxSLitBONbqZ+54kqzVJ5b8YZDQUeSJYwgo2VunG/CLgIJ/16w226M6Bl4pWkASXa/fpXL05JLqg0hGOtA8/NTFhgZRjhdFLr5ZpmmIzwgAaWSiyoDovZvRN0YpUYJamyJQ2aqb8nCiy0HovIdgpshnrRm4r/eUFuksuwYDLLDZVkvijJOTIpmj6PYqYoMXxsCSaK2VsRGWKFibER1WwI3uLLy8Q/a1413bvzRuu6TKMKR3AMp+DBBbTgFtrgAwEOz/AKb86j8+K8Ox/z1opTzhzCHzifP6i3j+k=</latexit><latexit sha1_base64="1rHWp+jZUNKnTdkHtoE0FANu1w4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsNu3S3U3c3Qgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZelHGmjet+O5WV1bX1jepmbWt7Z3evvn/woNNcEeqTlKeqG2FNOZPUN8xw2s0UxSLitBONbqZ+54kqzVJ5b8YZDQUeSJYwgo2VunG/CLgIJ/16w226M6Bl4pWkASXa/fpXL05JLqg0hGOtA8/NTFhgZRjhdFLr5ZpmmIzwgAaWSiyoDovZvRN0YpUYJamyJQ2aqb8nCiy0HovIdgpshnrRm4r/eUFuksuwYDLLDZVkvijJOTIpmj6PYqYoMXxsCSaK2VsRGWKFibER1WwI3uLLy8Q/a1413bvzRuu6TKMKR3AMp+DBBbTgFtrgAwEOz/AKb86j8+K8Ox/z1opTzhzCHzifP6i3j+k=</latexit>

d[l]
<latexit sha1_base64="uBb4RTSONRM48nVS4HZU7/FqT0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJu3SzSbsboQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZoJr47pfTmVldW19o7pZ29re2d2r7x886DRXDH2WilR1Q6pRcIm+4UZgN1NIk1BgJxzfzPzOIyrNU3lvJhkGCR1KHnNGjZU60aDoiWA6qDfcpjsH+Uu8kjSgRHtQ/+xHKcsTlIYJqnXPczMTFFQZzgROa/1cY0bZmA6xZ6mkCeqgmJ87JSdWiUicKlvSkLn6c6KgidaTJLSdCTUjvezNxP+8Xm7iy6DgMssNSrZYFOeCmJTMficRV8iMmFhCmeL2VsJGVFFmbEI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v3BOPcg==</latexit><latexit sha1_base64="uBb4RTSONRM48nVS4HZU7/FqT0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJu3SzSbsboQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZoJr47pfTmVldW19o7pZ29re2d2r7x886DRXDH2WilR1Q6pRcIm+4UZgN1NIk1BgJxzfzPzOIyrNU3lvJhkGCR1KHnNGjZU60aDoiWA6qDfcpjsH+Uu8kjSgRHtQ/+xHKcsTlIYJqnXPczMTFFQZzgROa/1cY0bZmA6xZ6mkCeqgmJ87JSdWiUicKlvSkLn6c6KgidaTJLSdCTUjvezNxP+8Xm7iy6DgMssNSrZYFOeCmJTMficRV8iMmFhCmeL2VsJGVFFmbEI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v3BOPcg==</latexit><latexit sha1_base64="uBb4RTSONRM48nVS4HZU7/FqT0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsJu3SzSbsboQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZoJr47pfTmVldW19o7pZ29re2d2r7x886DRXDH2WilR1Q6pRcIm+4UZgN1NIk1BgJxzfzPzOIyrNU3lvJhkGCR1KHnNGjZU60aDoiWA6qDfcpjsH+Uu8kjSgRHtQ/+xHKcsTlIYJqnXPczMTFFQZzgROa/1cY0bZmA6xZ6mkCeqgmJ87JSdWiUicKlvSkLn6c6KgidaTJLSdCTUjvezNxP+8Xm7iy6DgMssNSrZYFOeCmJTMficRV8iMmFhCmeL2VsJGVFFmbEI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v3BOPcg==</latexit>

h[lm3]h[lm4]

h[lm1] h[lm2]h[lm1] h[lm2] h[l]
<latexit sha1_base64="AdYhSOzVr+yW8FFkwlyKLSKMXI8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzSbsToQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZVIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJprxn2WylR3I2q4FIr7KFDybqY5TSLJO9H4ZuZ3Hrk2IlX3OMl4mNChErFgFK3UGfWLQIbTfr3hNt05yF/ilaQBJdr9+mdvkLI84QqZpMYEnpthWFCNgkk+rfVywzPKxnTIA0sVTbgJi/m5U3JilQGJU21LIZmrPycKmhgzSSLbmVAcmWVvJv7nBTnGl2EhVJYjV2yxKM4lwZTMficDoTlDObGEMi3srYSNqKYMbUI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v4jePdg==</latexit><latexit sha1_base64="AdYhSOzVr+yW8FFkwlyKLSKMXI8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzSbsToQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZVIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJprxn2WylR3I2q4FIr7KFDybqY5TSLJO9H4ZuZ3Hrk2IlX3OMl4mNChErFgFK3UGfWLQIbTfr3hNt05yF/ilaQBJdr9+mdvkLI84QqZpMYEnpthWFCNgkk+rfVywzPKxnTIA0sVTbgJi/m5U3JilQGJU21LIZmrPycKmhgzSSLbmVAcmWVvJv7nBTnGl2EhVJYjV2yxKM4lwZTMficDoTlDObGEMi3srYSNqKYMbUI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v4jePdg==</latexit><latexit sha1_base64="AdYhSOzVr+yW8FFkwlyKLSKMXI8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzSbsToQS+iO8eFDx6v/x5r9x2+ag1QcDj/dmmJkXZVIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJprxn2WylR3I2q4FIr7KFDybqY5TSLJO9H4ZuZ3Hrk2IlX3OMl4mNChErFgFK3UGfWLQIbTfr3hNt05yF/ilaQBJdr9+mdvkLI84QqZpMYEnpthWFCNgkk+rfVywzPKxnTIA0sVTbgJi/m5U3JilQGJU21LIZmrPycKmhgzSSLbmVAcmWVvJv7nBTnGl2EhVJYjV2yxKM4lwZTMficDoTlDObGEMi3srYSNqKYMbUI1G4K3/PJf4p81r5ru3XmjdV2mUYUjOIZT8OACWnALbfCBwRie4AVencx5dt6c90VrxSlnDuEXnI9v4jePdg==</latexit>

h[m]
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h[lm3]

h[lm5] h[lm6] h[lm1] h[lm2]

Initial  
network

network after 
time evolution

1d3h 2d6h 2d4h

e��⌧J~�l~�m |DBMi

G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)



Numerical result
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1D Transverse-Field Ising 
N = 20, Jδτ = 0.01

1D Antiferromagnetic Heisenberg 
N = 80, Jδτ = 0.01

DBM reproduces exact time-evolution

from empty network 
from pre-optimized RBM

better initial state => faster convergence

G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)

(# hidden units) ∝ (system size) x (imaginary time) 



Short Summary
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 Show deterministic construction of DBM to represent ground states  

 Additional hidden (deep) layer : “additional dimension” in statistical mechanics 

 DBM representation => New quantum-to-classical mapping 

 Unfortunately, there exist negative sign problem for e.g. frustrated spin systems  

The number of hidden units grows linearly with system size and imaginary time, respectively

G. Carleo, Y. Nomura, and M. Imada, Nat. Commun. 9, 5322 (2018) (see also N. Freitas et al., arXiv:1803.02118)



Extensions to various systems
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Fermion systemBoson system

without frustration 
（Heisenberg model）

 Itinerant electrons in solids

Electron-phonon coupling

 Spin system (localized Mott insulator)

with frustration 
（J1-J2 Heisenberg model）

Carleo and Troyer (2017), …

YN and Imada arXiv, … 

YN JPSJ (2020) 
Editor’s Choice

YN et al., (2017), …

Bose-Hubbard model（itinerant）
Saito (2017), …

（Holstein model)

 Molecules（H2, LiH, …）
Han et al., Choo and Carleo, …

From benchmark to “true” applications to challenges in physics

※ Why is the machine learning powerful？ 
　　→ Exact quantum-classical mapping using deep Boltzmann machine (c.f. numerical mapping using RBM) 

G. Carleo, YN, and M. Imada, Nat. Commun, 9. 5322 (2018)

（Hubbard model)

②



Extensions to various systems
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Fermion systemBoson system

without frustration 
（Heisenberg model）

 Itinerant electrons in solids

Electron-phonon coupling

 Spin system (localized Mott insulator)

with frustration 
（J1-J2 Heisenberg model）

Carleo and Troyer (2017), …

YN and Imada arXiv, … 

YN JPSJ (2020) 
Editor’s Choice

YN et al., (2017), …

Bose-Hubbard model（itinerant）
Saito (2017), …

（Holstein model)

 Molecules（H2, LiH, …）
Han et al., Choo and Carleo, …

（Hubbard model)

YN, A. Darmawan, Y. Yamaji, and M. Imada, PRB 96, 205152 (2017)

See also Luo and Clark PRL (2019), …



Bosonic wave function  vs  Fermionic wave function
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 (x1,x2) = + (x2,x1)
<latexit sha1_base64="K0BowV/SOQvufAYUC9w7qYTblxY="></latexit><latexit sha1_base64="K0BowV/SOQvufAYUC9w7qYTblxY="></latexit><latexit sha1_base64="K0BowV/SOQvufAYUC9w7qYTblxY="></latexit><latexit sha1_base64="K0BowV/SOQvufAYUC9w7qYTblxY="></latexit>

 (x1,x2) = � (x2,x1)
<latexit sha1_base64="8382yzwJMmpmyTMlgrUBhVIVQDs="></latexit><latexit sha1_base64="8382yzwJMmpmyTMlgrUBhVIVQDs="></latexit><latexit sha1_base64="8382yzwJMmpmyTMlgrUBhVIVQDs="></latexit><latexit sha1_base64="8382yzwJMmpmyTMlgrUBhVIVQDs="></latexit>

Boson Fermion

Interaction	Wij

Mag.	Field	(bias	term)	bj

Mag.	Field	(bias	term)	ai

 (�z) =
X

{hj}

exp
⇣X

i

ai�
z
i +

X

i,j

�z
i Wijhj +

X

j

bjhj

⌘

RBM wave function

→ Bosonic wave function

Application to Fermion systems

Mapping to interacting spin systems using Jordan-Wigner transformation

K. Choo et al, Nat. Commun. (2020) 
Yoshioka et al., 



RBM+PP wave function 
restricted Boltzmann machine + pair-product

combine concepts from  
machine learning (RBM) and  
physics (pair-product(PP) state)

RBM RBM+PP

YN, A. Darmawan, Y. Yamaji, and M. Imada, PRB 96, 205152 (2017)

Pair-Product state (geminal wave function):

Boson wave function 
no entanglement if hidden layer is absent Fermion wave function 

PP helps RBM to learn ground state19



Application to 2D Hubbard model
8x8 square lattice, half-filling (periodic anti-periodic)

YN, A. Darmawan, Y. Yamaji, and M. Imada, PRB 96, 205152 (2017) 
TNVMC data: H.-H. Zhao et al., PRB 96, 085103 (2017).

α = (# hidden units)/(# physical spins)  

 RBM+PP substantially improves accuracy compared to RBM

 Using combination saves # of parameters (important when simulate large system size)

TNVMC

RBM+PP

RBM+PP

RBM

20



Extensions to various systems
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Fermion systemBoson system

without frustration 
（Heisenberg model）

 Itinerant electrons in solids

Electron-phonon coupling

 Spin system (localized Mott insulator)

with frustration 
（J1-J2 Heisenberg model）

Carleo and Troyer (2017), …

YN and Imada arXiv, … 

YN JPSJ (2020) 
Editor’s Choice

YN et al., (2017), …

Bose-Hubbard model（itinerant）
Saito (2017), …

（Holstein model)

 Molecules（H2, LiH, …）
Han et al., Choo and Carleo, …

（Hubbard model)

YN and M. Imada, arXiv:2005.14142

See also Liang et al., PRB (2018), Choo et al., PRB (2019), Ferrari et al., PRB (2019),  
Westerhout et al, Nat. Commun. (2020), Szabó and Castelnovo, arXiv.2002.04613, … 



O. Mustonen et al, Nat. Commun., 9 1085 (2018)

2D square-lattice J1-J2 Heisenberg model

22

Materials Unsettled phase diagram (J1=1)

Quantum spin liquid (QSL) around J2 = 0.5？ 
 

Relation between QSL and superconductivity？



Candidates for intermediate phase(s)

23Valence Bond Solid (VBS)
From Tao Xiang’s lecture at ISSP



Controversy
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Jiang et al., 2012 (DMRG) 

Hu et al., 2012 (VMC+Lanczos) 

Gong et al., 2014 (DMRG) 

Morita et al., 2014 (mVMC) 

Wang et al., 2016 (Tensor-product) 

Wang and Sandvik, 2018 (DMRG) 

Haghshenas and Sheng 2018 (iPEPS)

→ Let’s apply machine learning method ! 

Quantum spin liquid (QSL) 
Valence Bond Solid (VBS) 
QSL or VBS



 RBM+PP wave function

RBM+PP wave function 
restricted Boltzmann machine + pair-product

neural-network (RBM) Gutzwiller-projected PP state

 (�) = N (�)⇥ PG�pair(�)
<latexit sha1_base64="IHVEeSygcsvl3xZB8yFXJmmo+c0="></latexit><latexit sha1_base64="IHVEeSygcsvl3xZB8yFXJmmo+c0="></latexit><latexit sha1_base64="IHVEeSygcsvl3xZB8yFXJmmo+c0="></latexit><latexit sha1_base64="IHVEeSygcsvl3xZB8yFXJmmo+c0="></latexit>

 Imposing quantum numbers (symmetry)

wave func. w/o symmetry

spin-parity (+ : S even, - : S odd)

total momentum

Choo et al., PRL (2018), Ferarri et al., PRB (2019), YN JPSJ (2020), …

Ground state  : S=0(even), K=0 
Excited states : other quantum numbers

YN and M. Imada, arXiv:2005.14142

25



Benchmarks
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  RBM+PP can accurately represent not only the ground state but also excited states   
       →　enables excited-state level spectroscopy 

Excitation energy (6x6 lattice)Ground-state energy (J2=0.5, 10x10 lattice)

-0.49476(1)     Neural quantum states [1] 
-0.49516(1)     CNN [2] 
-0.49521(1)     VMC [3] 
-0.495530       DMRG [4] 
-0.49575(3)     RBM+fermion wave func. [5] 
-0.49718(2)     RBM+PP (present study)  
-0.497549(2)   VMC+2nd order Lanczos [3]

accurate

Number hidden units = 16 Nsite

[1] Szabó and Castelnovo, arXiv [2] Choo et al., PRB 2019  
[3] Hu, et al., PRB 2013 [4] Gong et al., PRL 2014 [5] Ferrari et al., PRB 2019

Green: using neural network



Excited-state level spectroscopy
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Excitation energy at 16x16 lattice

VBS

QSL

AF

Two independent analyses agree 
(one-to-one correspondence between  

ground-state phase and excitation structure)

QSL-VBS

AF-QSL

cf.  Analysis of correlation ratio 
            (ground state property)

Suwa et al PRB (2016); Wang and Sandvik PRL (2018)

QSL-VBSAF-QSL

1� S(qpeak+�q)/S(qpeak)



Ground-state phase diagram
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Jiang et al., 2012 (DMRG) 

Hu et al., 2012 (VMC+Lanczos) 

Gong et al., 2014 (DMRG) 

Morita et al., 2014 (mVMC) 

Wang et al., 2016 (Tensor-product) 

Wang and Sandvik, 2018 (DMRG) 

Haghshenas and Sheng 2018 (iPEPS) 

Present study (RBM+PP) 

Ferrari and Becca, arXiv (VMC)

Comparison to previous results 

Quantum spin liquid (QSL) 
Valence Bond Solid (VBS) 
QSL or VBS



Nodal quantum spin liquid
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c.f. S(q,ω) in Heisenberg model

Excitation spectra (J2=0.5)

H. Shao et al., PRX 7, 041072 (2017)

  Accurate excited-states calculations clarify the nature of QSL

Qualitatively consistent with Ferrari and Becca, PRB 98, 100405 (2018)



Summary
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Fermion systemBoson system

without frustration 
（Heisenberg model）

 Itinerant electrons in solids

Electron-phonon coupling

 Spin system (localized Mott insulator)

with frustration 
（J1-J2 Heisenberg model）

Carleo and Troyer (2017), …

YN and Imada arXiv, … 

YN JPSJ (2020) 
Editor’s Choice

YN et al., (2017), …

Bose-Hubbard model（itinerant）
Saito (2017), …

（Holstein model)

 Molecules（H2, LiH, …）
Han et al., Choo and Carleo, …

（Hubbard model)

Machine-learning method shows its power in grand challenges in physics ! 

YN and M. Imada, arXiv:2005.14142




