What can PINN do?

-PDE, lattice fermions and topology-
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PINN(Physics-Informed Neural Network) & (37

Raissi, et.al. (2017)
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PINN(Physics-Informed Neural Network) for PDE

Raissi, et.al. (2017)

ug(t,x) DEHHFER T Ry = 22 (¢, 2,) + Nugl (6, 27)
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PINN(Physics-Informed Neural Network) for PDE

Raissi, et.al. (2017)
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Backpropagation

b : bias, h : Activation function, 4; ,Ap, As : Hyperparameter
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- IERIARE: BEEIRRE & BE—REIKEOERSHEIREE

1
Y(x,t =0) =u(x,0) = Y

4xe"‘z/z +— e‘xz/zl, v(x,0) =0

e
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u(xg, t) = 0,v(xy,t) =0, Xo € {—m, m}
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layer

input
1st

2

3rd

4th
output 2
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40 SiLU
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=13 %: Adam optimizer
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=433

FE[E#: 10000

FEHFE: 163s

BRI DRIME: 1.8567¢-04

0.001, 6, =0.9, B, =0.999
5T — 2% i.c. 300, b.c. 300, inside 3000 0.05 -

Xavier
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—a—0Yr |EEEE | Initial
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1. SRAMIRENF DE RS HEIREE

o =1
"'-I'FEﬁ% X Cf.) Shah, Stiller, Hoffmann, Cangi (2022)

Exact PINN Absolute error

Exact |@(x,t)] Predicted |o@(x,t)] Absolute error

0.0200

0.0175

- 0.0150

- 0.0125

- 0.0100

 0.0075

0.0050

0.0025
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Exact

Exact u(x,t)

PINN

Predicted u(x,t)

ST ULW—E ]

Cf.) Shah, Stiller, Hoffmann, Cangi (2022)

Absolute error

Absolute error
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- BRIk TEGross-Pitaevskii A2
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input

1st 60
2nd 60
3rd 60
4th 60
output 2

o

SiLU
SiLU
SiLU
SiLU

layer —a—0Oy |EELEIE | Initial
# weight
2

Xavier
Xavier
Xavier
Xavier
Xavier

« HoE{bFiE: Adam optimizer
» 1=0.001, B,=09, B,=0.999
« FBF—4&H:i.c.600, b.c.300, inside 6000

v

- FE[EZ: 10000
o FEEFMA: 216s

« BREHMDEKIIRE: 7.8104e-05

PINN Train Loss
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Numerical result PINN

numerical solution |@(x,t)] s Predicted |o(x,t)|

Cf.)Cuomo, et al.(2022)
Zhang, Bai (2022)

Absolute error

Absolute error |@(x,t)|

15

0.07

0.06

- 0.05

- 0.04

- 0.03

0.02

0.01
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@ C* or C* periodiclayer oo ni 2020

DNNICE%ZIA % Z & THIMNICARRERFZGZ®/-TLIICTIFE

2T

vli(xl) — O-(All' COS((,l)lxl + ¢1i) + Cli)' 1<i< m, w1 = L_, Ll pe”Od
1
Uzi(t) = O'(Azit + Czi), 1<i< m,
m m
_ _ _ W(l) _ W(Z) B. 1<i<
qj(xy,t) =0 v1; (1) ij T V(1) ij Tbjl =Jj=n
training parameters : Aq;, Az, ©1i) C1i C2i Wi§-1), I/I/l§2), B;, o : Activation function
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@ C* or C* periodiclayer oo ni 2020

DNN




layer —a—AY |FEHCEE | Initial
# weight
2

input

1st 40 SiLU Xavier
2nd 40 SiLU Xavier
3rd 60 SiLU Xavier
4th 60 SiLU Xavier
5th 60 SiLU Xavier
6th 60 SiLU Xavier
output 2 Xavier

- HE{tFE: Adam optimizer

« n=0.001, ;=0.9, 5,=0.999

« FEF—4H#:i.c.600,inside 6000
- FE[[E%: 10000

o EFRFMA: 247s

- BEABEHOZIE: 9.2192e-05

0.8 -

0.6 A

Loss

0.2 -

0.0 -

®EHFEEaLT 14 H—FER (C* or € periodiclayer)

Hamada, TM in progress

PINN Train Loss
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®EREaLT 14 H—FER (C* or €~ periodiclayer)

Hamada, TM in progress

Standard DNN(Deep Neural Network) C* periodic layer
PINN Train Loss PINN Train Loss
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0.6 -
0.5
0.6 -
0.4 1
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®EHFEEaLT 14 H—FER (C* or € periodiclayer)

Hamada, TM in progress

Numerical results PINN Absolute error

s numerical solution |@(x,t)] i Predicted |o(x,t)] - Absolute error |@(x,t)|

0.040

0.035

- 0.030

- 0.025

- 0.020

0.015

0.010

0.005




albTFqayvyH—=—a—pbrAER Diosi(1984) Penrose(1996)

e _ h? o 2 s V(X 1))
zhaw(x,t) = [—%V — Gm /d X x— x| lw(x,t)
HEHERORRRE L EEEEE L TIYEL, HHENO @

fragmentR T O ENHEEEAZEIY AN7-F1ER.
EFHAEPFHERICBPVWTEERINTLS,

T = h3G_2m_5 MBI LRFRR -
0= h2G—1m—3 BEFEENHES, 1~108s
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Hamada, TM in progress

cf.) Mocz, et al. (2017)

- SNAFEXOHEERE

0o t)+ |5 = Q)| wxt) = 0

V2Q(x,t) = |h(x,t)|?

MEREt: P(x,0) o exp (—|x[*/(20%))

Split Step Fourier;&

vadt vadt
exp(—i(T + V)dt) = exp <—i7> exp(—iTdt)exp <—i7> + 0(dt?)

=R 7 IEBRERNTRERME

RBZERZEYVRE RGN IERS
5.

IFFT

vdt N vdt
Y(x,t +dt) =exp (—iT) (exp(—det))FFT [exp (—i7> Y(x,t) ”]

| ¢ (x,1)]
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3. :/ —L l/ .7—_“ 'f 7 jj‘_': -1 = I‘ s/ji*%:_l:t Hamada, TM in progress  cf.) Mocz, et al. (2017)

- SNAREXDOEERE .
10 (X, t) + [%2 — Q(x, t)} P(x,t) =0 j Il.o
VAQ(x,t) = [¢(x,1)[? : -
Mgt 1(x,0) < exp (—[x[2/(20%)) “’
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3. :/ L l/ .7_-“ ’f y jj‘—': £ = I‘ Vﬁﬁﬁ Hamada, TM in progress  cf.) Mocz, et al. (2017)

| ¢ (x,1)]

. SNBER OIS
D, ) + [% Q. t)] b(x,1) = 0
VQ(x.1) = [(x, 1)

HEAZAE: random noise

575 PR, RTFYY v ILEHEB|H
DMREEHHT

¥

3D Time evolution in 2D-projected space
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‘ PINN f0r :/_-L l/j—:’r yﬁ_':J— I~ yﬁﬁﬁ Hamada, TM in progress

PINN Train Loss

# weight
input 4 e
1st 40 SiLU Xavier
2nd 40 SiLU Xavier : |
3rd 60 SiLU Xavier ®
4th 60 SiLU Xavier
5th 60 SiLU Xavier 0.01 -
6th 60 SiLU Xavier .
output 3 Xavier e . . . . . . , ,
0 250 500 750 E;g(c)gs 1250 1500 1750 2000
o wmEftbFiE: L-BFGS optimizer e e=0.x.2-0F paces =008
. =0.1
. ;—3537_'\\—52%1: i.c. 2000, inside 80000

- FEMEE: 2000
o FEIFR: 7640s
o BABEHMOHERE: 2.6814e-05




‘ PINN f0r :/:L 1/7—-:"{ y “_'::L_ I~ yﬁﬁﬁ Hamada, TM in progress

lg(t=0.00, x,y, 0)|? V(t=0.00,x,y,0)
10.0 10.0 v 0.00
7.5 759
0.004 -0.01
5.0 5.0
-0.02
25 0.0085 -
= 0.0 0.0 -0.03
0.002
-2.5 4§ -2.5
-0.04
-5.0 -5.0
0.001
-0.05
~7.5 -7.5
-10.0 " . 0000 - - . . —0.06
-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0 -10.0 -7.5 =50 -25 0.0 2.5 5.0 7.5 10.0
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‘ PINN f0r ~/_-'. l/ —\‘ “_'::L — l~ yﬁﬁﬁ Hamada, TM in progress

|p(t=12.45,x,y, 0)|? V(t=2.45,x,y,0)

10.0 10.0 0.00
7.5 0.0085 _0.01
5.0 0.00%0 _0.02
2.5 2.5

0.004 -0.03
> 00 0.0
0.003 -0.04
~25 =25
0.002 g
-5.0 -5.0
n —0.06
-7.5 LR
-0.07
-10.0 0-a0mo A :

-10.0 -7.5 -5.0 -2.5 0.0 -10.0 -7.5 -5.0 -25 00 25
X
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‘ PINN f0r :/:L 1/7—-:"{ y “_'::L_ I~ yﬁﬁﬁ Hamada, TM in progress

l@(t=5.10,x,y, 0)|? V(t=5.10,x,y,0)
10.0 10.0 5 0.00
3 0.008° -0.01
5.0 5.0 S
2.5 0.0085
-0.03
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0.004 004
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-0.05
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0.002
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-0.07
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€ PINN for a2 LT«

v HIER

‘I/(t 7 55 Xy, 0)|?

=10:0: =75 =5.0" =25

10.0
7.5
5.0 .
2.5 .
- 0.0 .
—2.5 '
_5_0 e
-1.5 ;
-10.0 :

E MR ICHUE

V(t=7.55,x,y,0)

Hamada, TM
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€ PINN for a2 LT«

“_'::L_ I~ yﬁﬁﬁ Hamada, TM

|g(t=10.00, x, y, 0)|? V(t=10.00,x,y,0)

=10:0: =75 =5.0" =Z5

10.0 10.0
7.5 0.01As !
5.0 0.0120 - .
2.5 0.0105

> 0.0 0.00%0 i

-2.5 0.6Q65 - .

-5.0 0.6340 A . .

=7.5 0.625 '

-10.0 0000 . . . Y

-10.0 —7 5 —5 0 —2 5 00 25 5.0 7.5 10.0

EERICHERE & —2

0.00

-0.02

—0.04

—0.06

—-0.08

-0.10

in progress
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.+ C¥or C” periodic layer2 EAT B Z & THEH aLTa v H—FERXD
e WMEETTFATE S,

=

calbTavhH—a— b AEBRROEKZEVEE IZEFINECFEHFENDX
IRCIHEICEETH S,

- PINN with C*or C” periodic layer i3 a2b T4 v H—-—a—FHAERXD
BV EHLTFEHENICIIFRTETWS, BYLREY b7y 70HEIC
Lo TILRBIFNENUELVRAENS.

Cf.) SPINN: Advancing Cosmological Simulations of Fuzzy Dark Matter with Physics Informed Neural Networks

A. K. Mishra, E. Tolley, [arXiv:2506.02957]
“We introduce the Schrodinger-Poisson informed neural network (SPINN) which solve nonlinear Schrodinger-

Poisson (SP) equations to simulate the gravitational collapse of Fuzzy Dark Matter (FDM) in both 1D and 3D setting---"
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BFEED7ILIFE

* Doubling problem : Naive chiral&local fermion— |6 species

( 3 N
a” - o
Sn =3 | 5P Unitbntss = Ul ubnmp) + a*mifnpn
Free propagator " m \n
_ —1y, sinap, + am 1 —i(=1)%ky, . +m ,/75 =, __ |
D l(pa) = . l; [ — —_ Z ( = [ 2# /
sin” ap,, + a*m G Tl py+m st |
2 poles per dim. = 16 doublers in 4d Nielsen-Ninomiya
\. J

» Chiral symmetry v.s. desirable flavor number

(

flavors chiral  tuning artifact
Wilson: I 0 severe  O(a)
Staggered: 4 I N/A O(a"2)
Domain-wall | (1) easy O(ar2)
3 Overlap I I N/A O(ar2) g

D

|6 degenerate

Re A

Im A
Dirac spectrum




BFZzIIFDNo-goEE

@ﬁ?%@%%?i’@ﬁﬁﬂﬂﬁ? BER, 7 2V I G ORLEIT IR O IWEEDE ) | %%&%@

L, DITND 4 >D5MZFRHING72 1817 =V 4 AEHIZAEL 2w,

ft. (Naive Fermion) #1779 &, M#EEZHED 7Y VT v —r D, (b, =7) IZBWT, KK
FELZWIEETORDHR T (7 7—) 324 — 1B TL £9. Nielsen-Ninomiya O EHIC

L. E’ﬁﬁdli (LocahtY> Locality | Translation | Hermiticity | onsite-chiral

2. MHEXNFRME: (Translational Invariance)
Naive O O O O

3. L)V I — M (Hermiticity)
Staggered O O O O

: 7 LN '

4. 14 7 )WAFRME (Chiral Symmetry) o = = = -

Domain-wall | X O O (O— gapless
edge mode
O O

\ Overlap AN

X — GW
relation




bR = 5 LR E: Wilson fermion

.. Tl

T QCD oFfEFIEHIZBE WAL HWHN S Wilson 7T /LA, ¥ 77 —%2RET 57
DICEKMIZ A A IV REZ 2 EEEH (Wilson 1H) Z2E AT 3 FIETH 5,

Dy (k) = Z iy, sink,, + (1 — cosk,)]
"
ZIZTridWilson 87 A—% (@ r=1) TH5, TOHICKD, k=0 (WEE—F) TIIHE
BYn, k=n (¥77—) TlE2r DHEBZ{S, ¥ 77— 3EkiMRcoiisns, LaL, X
HELT{Dw,v}#0 &0, A4 7 NVNTEZBIRINICHEN S,

Im A




BFLEDEZEHA ZIILIFRE . Ginsparg-Wilson relation

682 fE. Ginsparg & Wilson 1, < ) ZAHD 70y FEDELE» S, &1 LETHA 5}%

WEDNG 72§ RE MBIEI N &fh) 28T,

V5D + Dvys = aDvys D

Z % Ginsparg-Wilson (GW) BFRERX &S, £34D O(a) DEIEEWKT7—T4 777 FT
HY ., HHHRIE (o — 0) TIXBEFED A A FVNIRE {D,v5} =0 IZlAlfwd 5,

OverlapT 14 7 v 7 BEFEFEIFOHE

vDys=D' mm) D+ D' =aD'D mE) A+ N = a|)

\_ /




BFLEDEZEHA ZIILIFRE . Ginsparg-Wilson relation

ﬂischer (1998) . HE T D 25 GW Bzl & &, & EHIEU MO rﬂ%E?ﬂf:N

A T NE) IR L THEICAZRTH S 2 2L,

a

Sip = ievs (1 _ 5D) "

— — a
0 = i€ (1_§D) Y5
2O X 2ERDZEAL 65 = ¢ (Dys(1 — 2D)+ (1 — 2D)vsD) ¢ 1. GW BIfRZz v 5
LIz n b, 20, GWBFRAZMAT 7234y (GW 7 2V 34 V) 1k, T

ECeEEREL TEE LA 7 VAE 2RO,

CDO()ZERH A 7 IILXFHRE (L Onsite chiral symmetry Tld 4 LD T,
Nielsen-Ninomiya D FE I [ (s L 4Ly |




Overlap fermion & Ginsparg-WilsonB{% =

GW BIfR=X oo —Mfi# & L T, Neuberger (1998) I3 Overlap Dirac JEET ZRELL %, I
X, A VR ZE S TWERY 7 7 —%24&F R WiEE T (Wilson Dirac 5T Dy) %= H
FREL, 2OV — MG Hy = v Dy DR 5%z Tk I s,

1
Doy = - (1 + vssgn(Hw))

CCTHERFIZ, A—%NVELTHWS Dy OEHB/NT XA —F my DERETH %, Overlap i
BE2EAME P RaY— (EREMEEAZTERE—F) 28o%01cid, Dy BrRad i
FICH 208035 5, BARMIZIX, mo 1EATOEEEMHEBICEE I N IT LR 5 v,

—2 <my <0 (typically mg = —1)

ZOFIBIZE VT Dy BYHE— ML CADHER, §7 7 —fHITIEOERZR>7 D, 775
B sgn(Hw) 3206 ZDKAIL, IELWAA IV 7 2V S VHBEEI NS, W me > 0 D
HTldk, PEE— b8 77— LRBICkbITERLTLE ),




Overlap fermion & Ginsparg-WilsonB{% =

/ Topological # of SPT ~ sum of chiral charges of species with m <0

2/la<m<(

Aoki phase

v=1

Kimura (2015)

Domain-wall fermion : gapless mode emerging at boundary
between v=0 and v=1 SPTs, where 't Hooft anomaly cancels.




Overlap fermion & Ginsparg-WilsonB{% =

-~

\_

2la<m<0

5th dimensior:

A

m >0 (m— o)

Jorry

v=0 (trivial SPT)

Wilson and Domain-wall fermion are ahead of their time!

~

/




Overlap fermion & Ginsparg-WilsonB{% =

/GW B atiE. Dirac 57 0BG R 120 L T2 S 2 35, D)) = )\N

L. ~vs-Hermiticity DT = y5sDvs Z VTR ZEH T 2 L.

b

D+ D' =aD'D
DE»PND, INZzEAHE N THEE T L,
A+ =alM? <= 2Re) = a(Rel? +Im)\?)
INzHEHT 5 LU ToMDfifE %5,

(Re)\ — %)2 + (Im\)? = (2)2

Thbb, GW 7243 A YDA bk, EHEFEHEETHL (1/a,0). 8 1/a O B

QFE LItz s v, Iz Ginsparg-Wilson 3 &5 /




Overlap fermion & Ginsparg-WilsonB{% =

o MIBE—NR: FHA N=0fEDE—T,
o ¥ 7T —: MEDKHM N =2/a fhEDE—F (HEXHY b A 74— =L)X
ns),

2D Overlap Spectrum (L=32) 4D Overlap Spectrum (L=12)
—== GW Circle -=-= GW Circle
1.0 A ",’o"-‘-&.‘~~. 1.0 1 ,". ******** 8
=, =
/l" 5 ~
o \
»
f/ /’
0.5 P 0.5 I
/ /
! L4
, !
? I’
] ‘; 1
I ? I
E 0.0 { } E 0.0 { ¢
1 é \ é
® 4
S $
\ \
\
\ »
\ \
\
-0.5 \ -0.5 %
\\ V2 \n
.
\\ / %
“u,
\\‘ P / \\.‘ >
~1.0 4 Bt SRR ~1.0 RS PRSP
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0

Re Re




+' 0E— F & Atiyah-Singerfg ¥ €

/‘@%ﬁfi?ﬁﬁc: E1F % Atiyah-Singer DIEHBERL L, Dirac HEfFOXRE—FDAA 7V T 4’%

D, T=YHOFRUPANF =Y QIXFELWVWI EZFERT S,

Ind(D)=ny —n_ =Q
&1 BT GW BERADHNLT 256, CORBUEHEDVEE KD LD EPFAEHINTW 5
(Hasenfratz-Lalien-Niedermayer, 1998)

Trios) = 3 A3 10 = a 3 5 AV

A A
OW BIRRZM V2 &, FEFXTE—F (A #£0,2/a) 128U TIE A5\ =0 4D, ¥os—

FORMWEGELTESL, ZNUIZE), BFEIal—avicB0LTdh bRy —ozhR 2 21EL

\\i%bkm%:&ﬁm%&ﬁéo 4///




R P 1% 9D R

/Overlap HEFICE T 2R RDBSFHEIT AT (Locality) 1 TH %, BH DIKT1EH (Wﬂsm
5) 1, BIREPFHO K v € v 7 Lok v TREAME (Ultra-locality) 1 %79, — /. Overlap
HE ISR GEEAIR 1/ /HE,) Z&Tkd, FHEMICEEK sy Er 7 %2R
RN HE T £ 2 5,

L2 L. Herndndez, Jansen, Liischer (1999) ¥, Z—3%)V ¢ %% Hy ¥ v v 7%2F> (¥

nEGEZ R 72 7%\) RY . Overlap B IF AL (Exponential Locality) %7z
T EZAHL 7,

e

| Dow(z,y)| < Cexp(—v|z —y|)

AR OB E B (mg ~ —1) 2BV TIE, Wilson AT Hy I HTICKELTX Yy 72 fED
72 & DIFGFTEIIRGE S L5, L72235 T, Overlap 7 =)V & 4 VITHE 2 HR T RATTER T

chnbi‘\ PIERIC IR S5 7 7 A (Local Field Theory) IZJET %, /




Overlap fermionD g+ £ TDiEL

-~

\_

D = 2—0[1 + Vselh(—ro/a)]]

BT L TSignFE#Me 2 BEEHTHIMUT 20ENH S |

* Chebyshev approximation

e(h) = hsy(h*) =h Y c,h™ sv(@) = eaTn()

n=0 n

 Zolotarev approximation

_ - be sn(u, k2) 17
en(z) = IZ 2 1 o Cp = ’ r2
=1 26-1 Cn(ua /{2)
b [T, (coi — c20-1)
e pR—

Hf;vzuﬂ(czi—l — Co¢-1) |

~
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¢ Naive flavored mass

Creutz, Kimura, TM (10) Dirac op. eigenvalues
f N T %
My = E Cy, Vector (I-link) L
: T I
Mp=) Y CuCy  Tensor (2dink i N
perm. sym. P P M 1 05 .
My = H Cv, Axial-V (3-link) S
perm. sym. v z : \
4 5 o; “'. :
Mp=> T]Cu Pseudo-S (4-link) { o1 15
sym. p=1 _ / ]
\ J A5k ‘:%.’_;; J
* Hypercubic sym, gamma5-hermiticity, C, P, T.. Mv+MT+Ma+Mp

* Lattice laplacian > ", (Mp —1)¢p, — —a / d'z9(z) D2(z) + O(a?)

* Generalized Wilson fermions
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* Brillouin kernel (hypercubic kernel)

Brillouin Laplacian

A:4_ZOM * Abri:2_2H1—|‘2O,u
p 2

(Vu = V.S * foo = 1Sy H & +30U )

My wp My + My + My + Mp

|DJ?

VFE

1
Dl = (B2 = p?) + 15 (E* 4 p* + 6E%p?)a? + O(a') = (E* - p?)

1 1
Dl = (B? = p?) + 75 (B2 = p*)%a? + 2 (B2 — p)(B* + E%p* + p*)a’

"Wilson . Brillouin

Better dispersion relation !

2D, U(1): L=24, p=3.3 2D, U(1): L=24,p=3.3 2D, U(1): L=24,$=3.3
| - lap_bri, der_std, csw=0 | lap_bri, der_bri, csw=0 [+ tap_bri, der iso, csw=0
Fit 1f S Hi P Sl
of : ug
M *'..,_‘_ S ﬂ‘af_*'d -~ 1l ‘.’~L~,~,,.Q‘ e
1 2 3 0 1 2 0 1 2 3
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N

4 4
* Better dispersion relation * Locality of overlap operator
o
+ lap_bri, der_iso 1. 5 10 15 20 48%x48, lap_std, der_std, p=1.00 48°x48, lap_bri, der_iso, p=1.00
57 — @B’ = @p)’ +@m)’ 10° = 10° -
1.8/ ¢ Brillouin o o 1D diagonal 5 o 1D diagonal
#  Wilson 0 2D diagonal x 2D diagonal
4 1.7 So = 3D diagonal & « 3D diagonal
1 1 el D di | D di |
N BI’I”OUI - ol 4D diagonal o5l ) 4D diagonal
3 J ) . _ _ S
//**** ﬁ; 1.5 . " . § G S0 o :18; 3
, o~ € " Wilson g e g o
»se 1.4 -10 x 5% ~10)
P 10 oo 1 107 &
1 ﬁf 1.3 . . . :
.~ Brillouin ) Wilson kernel Brillouin kernel
P Neont =500 s ‘ ‘ ‘ ‘ 107 ‘ ‘ % ‘
00* ; 5 5 ; 5 L1y o1 W) 0_% 07 05 0 5 10 d, 15 20 0 5 10 d, 15 20
(ap)
free, m=0 heavy-heavy Amaz [ Amin ~ 50 Amaz [ Amin ~ 1
PS meson

0.95f j T T T T ] 2.4 - .
N G d I . . . O Standard ) o 2.3F [] St_anda_rd _/"
00d SCa mg IN C Mass reglon 000 | B e v 2 ]| Lo e e
ossf 1 2af Wilson
_ 2 £ Wilson | £
FEC/ng - dO —I_ dlaa/ _|_ d2a = 075k | n.i.°1.9—> -
— small — small . L8 . .
o7l . @ o ] Brillouin |
. Brillouin v
0.65- “ o o o N 1 1.6¢ Ty
0.60

o 0005 000 005 0030 0%3s 0030 . 0 0004 0.006 0008 0.010 0.012 0014 0.016

* suits heavy-quark system o "l

Heavy PS meson decay constant
(Quench, Clover csw=1, APE-smear 0=0.72)




NNZHWTGWERA ZBREICH-THRDOBFHhA 7
L7z IFy, BEMNICIE LY BLOverlap kernel
ZROIT=L ]
DFEYH5MMEZT/mE-TEEFZNNTEY =0,




Bt « PINNEYF;

AR Tl EEjEZEMEICE ) % Dirac B+ D(k) Dh—% V%2, Za2a—I NV xy b7 =7 %
HuwTXud s a7 %5 Direct Learning (E¥#FE) 770 —F28HT%. ZHUIEE
TORE T2 =2—7NV%y b7 —7DHE L TERT 5 TILTH 5.

Input: @« = (sinkq, sin kq, My (k)) € R?
Model: MLP with 3 hidden layers (256 units each), Tanh activation
Output: Dg(k) =4 Y v, Vu(k) +IM(k) € C*>?
p

o & it =a2—7 NV %y V=7 (MLP)

e EMEM: Input(3) — Linear(256) — Tanh — Linear(256) — Tanh — Linear(256) —
Tanh — Linear(3)

o BNE: 38, %256 2=y |,

A E LT Wilson HE&=H My (k) =mo+r> (1 —cosk,) 2&H5 I LT, PRI A)VHER
BB H B IIMELR LoD I OBEIEIE Wilson iR FICfio g, =y h7—728
HHEHICERR - IETEAELE B> T 5,




=N EIES

7T —% (IE#D Overlap HET) 3—U5 27, MEENEEOAZBRERE L TERT 5.

/Ginsparg—WiIson Loss (Symmetry) A

GW BARAZ #7292 L2 E5ET 5. ZUIRMAAmicix, BEEMEAXZ bVyEEFm Eod
D (1,0), 1 OMHBAECESZZLISHET S (a=1DEH).

Law = = S {Dg(), 75} — Do(k)ys Do (K|

\_ Nk 5 J
ﬂDoIe Pinning Loss (Boundary Condition) \

PHRICIEL W7 2 VS A TH B DI, FEDHBIRICET 2 (YukeR—N) z2HEE
ER2N

o MEE—R (k=0): HELT. D) =0
o 75— (k=n): BRKER (Hv F47). GW I ECESATHS D(r) = 2 18
Y%,

\_ Ly = | Do(O)? + 1D () — 21]? )
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27— % (IEED Overlap 1) 13—U5 27, WHNEGEO AR E L TERT 5.

ﬂ_ocality Loss via FFT \

Overlap fHE - 1ZFEH M E W THEBBEEMW 2 FATE (Exponential Locality) %R0 E2 H
5. ¥E 7w ANT, EHBEEEBEOA — %V D(k) 27— &8 (FFT) L CHE2EMELA:
D(r) zKD, HEHEHER D I U THREGIEN 2 X7 1 2k T,

Lioe =Y _|D(r)- (e =1)|* (= 0.8)

COHEIZX Y, HimWIREES N miEz = 2 — 7 v 2y b7 — 27 IEGliIc A E S8, R

\El’ﬂtf/ A XADIRAZ PR T 5. /

%
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Optimization Details

L = wegwlagw + wpinﬁpin + WiocLloc

Loss Weights: Xffik & JarEZ & BE L. wew = 100, wioe = 1.0, wpin = 10 & EKE.
Optimizer: Adam (Ir = 0.005) % i .
Scheduler: Cosine Annealing (T},q, = 8000) (2 X )| ZEH KB TOPRFEZFED 5.

Domain Randomization: AJJE&E mg Z bR a P 2 VN (mg € [-1.6,-0.4]) TS
VI LIEHIE, HOoWBHBENRTA—F| ﬂbf@@ﬁ@ﬁ?% HIE 5,




Results : DiracEE{EXD %

Eigenvalue Spectrum

Im

0) & (2,

Original Wilson Dirac Spectrum

2.0 1 @ Wilson (m=-1.0)
1.5 4— - - ‘ ,
0
o % “o '. o : J K
1.0 4 ,.5'4! a e B S !»‘%..'—- |
® e o O
& ® 0o % L )
os| & | | ge | (W
@ 0 3
[ ] @» @
0.0 4+ @ o o
® an @
] 'y )
-1.0 +— %e%’.er.—a’eq’eaeé‘ -
O"Q'O. o .0 .0‘0"00
EERE.
-1.5 11 ! ; ,
—2.0 1 : : : : ' ' '
10 -05 00 05 10 15 20 25 3.0
Re

BB OWET Dy OFEGHENZHER L7 L 2%, FIO Wilson HETF0 TEAK, 27
oL s B2 L, ERFELD (0,

0) Z2EEET2EMICAFICPORL 7,

Im

1.00 +—

0.75 41—+

0.50 1—

0.25 1

0.00

—0.25 ~

—0.50 ~

—-0.75 14—

—1.00 A

X, =2 —7)%vy b7 =70 GW B2 BEHEZOHFHN (Loss ~ 107°) Tz LT3 Z
EZ2NT,

Learned Operator Spectrum

N 5oy

® Learned
=== GW Circle (a=1)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Re




Results : DiracEE{EXD %

Eigenvalue Spectrum

EEBOMEET Dy OEGHEDMZHR LT E 25, #FHO Wilson EE T TEHE, 27
P o BIICZL L, #FRFELD (0,0) & (2,0) ZBERETDIEMICEFICICRLZ, Zn
X, =2 —7)%vy b7 =70 GW B2 BEHEZOHFHN (Loss ~ 107°) Tz LT3 Z

Lz /T\Aﬁ Original Wilson Dirac Spectrum Learned Operator Spectrum
2.0 1 ' ® Wilson (m=-1.0) 1.00 /
154 . . - - 0.75 1 i -
]
- sniilsg, "‘%a. /
1.0+ - o ¢S 9 - 0.50 4 -
® o o O
L 4 ® 0% ® /
054 & » 0% - S 02511
& o B ‘
[ ] @» L
- » 4 + + - $ $ $ o - é || + 0 l-eamed +
E 001 ® ° ¢|E 00014 e Sy S e
) an [ '
£ o s
_0_5 — ! ‘ ! ! ! ‘i ! | | i _0‘25 o !
% L TR &
-1.0 1 '%e‘:; %."e .4:. re‘-"e a;'.ee!' - -0.50 »
o°p e ; o "oﬂ e
—-1.5 1 ! ! ! ! “ | | | | —0.75 4 ! ! \
—2.0 4— i T T T I I I T —-1.00 4 T i \ ‘

-1.0 -05 00 05 1.0 1.5 20 25 30 0.00 025 050 075 1.00 1.25 150 175 2.00
Re Re




Results : FF5E#

Effective Sign Function

1356 NIEHE A2 Overlap HE T DERE D = 1 + vyssgn(Hy ) Z2iii7c L T A0 MER T 5729
YEI N Dy Do GRINGRF 5B 2 R L 7.

cett(N) = eig (v5(Dp — 1))

TEDNI NV =T Y Hy OEAEME NI LT eg 27y LR, =0 TARIZ +£1 23H)
Db 5 EEREEE (Step Function) 2356 17z, BHEDOLHENEL (FvEy = 78ME) T
Hoi 3 X957 Gibbs fRB b /MBI Z 51 TE D, NN BRFFRIE D R WWindles & L CHERE

TWw5,

---------------

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn




Results : S

Effective Sign Function

Check: Is it Standard Overlap or Improved?

1004 ¢ Learned Mapping ‘
-=—= Exact Sign(x) /

0.75 - - | ‘ | /
0.50 - | - | —
0.25 - - . | | 3

0.00 - - . | !

—0.25 - i i | 1

Effective Sign Function &(Hw)

-0.50 - - ~ i !
~0.75 - 4 : g

—1.00 A1 “momﬂm’

—3 -2 e 0 1 2 3
Eigenvalues of Onginal Wilson Hamiltonian (Hy)




Results : |

T IE

Exponential locality
FARBEHMNBREZmI-d 2L 2L DT,

Boni:

S Ak

B

Magnitude |D(r)| (log scale)

109
1072 -
1073
10~4
1076
1077

1078 3

TLAKYRWERTE.

Locality of Learned Operator D(r)

i Learned Hoppings
: — === Exponential Decay ref
— ]
L | i
~
\\ 3 3
= — i i
~
.. \\\ ] }
i
S \\\ ! I
\\
“ i e \'\‘\
3 N i
H I S I
Y. s
. | B! So !
7 3 ~ 3
’ 'ﬁn \ S |
LY . -
e e = —.
3:2'! e :'- =
:.!l'd P I«
R I 1 T
a3 .: ":' : T
% T 2
RARTIR L] »
=t *1 't:
5 10 15 20

Distancer




Results : BARlE

Exponential locality
BoONTOEEFIEBERMBEREE G- 2L D, TLALY BRUVLEATE.

Locality of Learned Operator D(r)

Learned Hoppings
N —-—=- Exponential Decay ref

1071 ~ .: ~

1073 4

10-5 4

10—7 4

10—9 4

Magnitude |D(r)| (log scale)

10711 4 ~ - S

1013 4 } ! N

0 10 20 30 40
Distancer




Results : 42%7T

Im

Original Wilson Spectrum (L=8"4)

Learned Overlap Spectrum (L=8"4)

4 1 Wilson (Initial)
1.0 1
3 -
2 - &
o o° o * o o 0.5 A1
& ® ® ® ®
L L] L ] L] ® ¢ o o @ o o L ]
o0 e o |00 e |o \
1 1 & L & & ¢ & & ¢ —o \
® ® ® ® ® ® L “
‘ \
« Learned 4D Operator !
0 + g # £ 0.0 . = 3
‘ - -== GW Circle (a=1) H
[}
° ® ® ® ® ° ® "
—1 ® = ® L & $— !
® &0 o o ® e o0 o | ® o
e ¢ ® e O o o o o o o
® ® ® o ® ® ® o
. o o ey ® —05 4
— ] & ! ! | !
-3 4
-1.0 4
—4 4
-1 1 2 3 4 5 6 7 0.0 0.5 1.0 1.5 2.0
Re Re
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Results : ¥AOE— F & IEHTEE

éal—space Topology and Spectral Flow \

YEIZETEZEMETITo 7D, PR Y —ERBINAEETH 570, E2ERTOMEEL AR
Tbh 5.

=L

o BBE: 20 x 20 OEZFIT LI, FETCHALFv—Y Q=1 20 U(1) F—UB%
A

e Gauging: EHL7cAh— ) D(k) 27—V &L, 77—V 728 U, (x) ZH5
U CHEZEREE T Dy 2 e,
)il =N

e Spectral Flow: HE/NX7 X —% mg % —2.5 5 0.5 ¥ THAEIL, =) 3—FMERAT
H(mg) = ’y5Dlat(m0) O)ﬁ{lﬁ7 D—%§+/ﬁ

\_ /




Results : £ AO¥— F LIS TEE

éal—space Topology and Spectral Flow

ysDw

Eigenvalues of Hy

1.0 1

o
u

0.0

—1.0 T

1. Wilson Kernel Spectral Flow

Q = 1 Wilson fermion \

1 ——

-2 -1
Wilson Mass Parameter mg

\_




Results : T O¥E— F LIEMTEE

Real-space Topology and Spectral Flow O =1 Overlap (exact)

— 7ero Mode
Physical Phase [-2, 0]
2 i T [ ' Doubler Phase
1_.
CERENPIENE 99 : i s l
0 —_— '
P &I §F &1 ¢ 1t I3 3-8 x B9 %% =00 e |
e R . . 35 B (2 BT
—1- . . . ) ¥
=2 4 1 | ' ' V |
=& =3 —2 g @ '

Wilson Mass Parameter mg




Results : £ A — F LIEMTEE

Real-space Topology and Spectral Flow O =1 our learned operator

Spectral Flow of Learned Operator (Corrected FFT Shift, Q=1)

1.00

0.75 1 , :
| {
0.50 - = i
| .
3 0.25 - s M
q 5
- g
] {
= g
% 0.00 y
(] ‘
7] {
= !
© )
z —0.25 - == , j
] {

o |
w { :
\ p
—0.50 4 | i
|
—0.75 A N :
-1.00 4

=15 -1.0 -0.5 0.0 0.5
Input Mass parameter my




Results : T AE— F LIEHTEE

Real-space Topology and Spectral Flow O =1 our learned operator

Spectral Flow of Learned Operator (Corrected FFT Shift, Q=1)

1.00

0.75 -

0.50 -

0.25 -

YsDjearned

0.00

—0.25 A

Eigenvalues of H
PO S

-0.50

t
——e e

—0.75 A

-1.00 — :
-2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5

Input Mass parameter mgp




Results : T O¥E— F LIEMTEE

/Real—space Topology and Spectral Flow \

fmR: FARuY 20l (-2 <mg <0) ITBWT, BEEMEILaFHIICED L ”Zero Mode
Plateau” 2SHIEICBIHI S 117, T Atiyah-Singer DFFECEH

N — Nr=0Q

Zii7z ¥R E—F (OA VNG E—F) DPEET S L DEZNGIHLTS 5.

K 7=-7= L, Chebyshev¥ZolotareviZEDEEBEEN R oM 5. /




zH%ZH, NNZHWT, Ginsparg-WilsonBa®&=XZz 0
HLDEROIFTHIT I & ER]EED?
DEYNNICK 5 PEDFER T AIEED ?



NNIC & 5 GWE R D 7 RAREE

/’ nE T GW RO (Gl = DysD) 2 AP35 2 Twiz, RT3, NN 75%@@!3’9%‘&
HDOBEWL T, ZOREBRAZDOLDEHIENTE 20 H56EL 7-.

BRI, GW B0z i L9, RMOME f(X) (22T X =D'D) RE
ERE

D+ D' = f(D'D)

OB f(X) % N XOSHEATET UL, ZOFI {cn} % NN OBEZST A—% 0 LIFF
ICHEIHE D,
N
f(X)= > X" =c1(D'D) + c2(D'D)* + - + en(DID)Y
n=1

AHETIE N =5 EEL7, L NN DPIEHERWNZ Overlap 72V 34 v %2 THHER) T57%56
7

3. R €1 = 1, cnso = 0 TR T 213 9°CH 2, /




=N EIES

/NN ICRFREDIEZ — B A TICEE I 5720, HEBBICIIREDHE (BHIAIE D =2 1\0\
EER E) ~DOFEZEE L TS )V YHEGE oAszBH L 72, BREZIIDT O 3 H)

575,

L= wrelﬁrel + wconstﬁconst + wlocﬁloc

. Symmetry Relation Loss

RANDNAVERIRADIRILT 5 2 L 2 UG T H5HTH 5,

£rel — Nik Z

k

Q“@%%& {c,} DAMIEICLDEFINGFEHRITIXA =Y TH D, /

'D+DT Z (DD)"
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/Inequality Constraints via RelLU \

R OBEELLHELL, 77— GEVEER) 120 28I TH 5, fERD K5I D(m,m) =2
EEELTLEY) & ZORRTARZ PV (GW BIfRI) 1242 2 e 2R LTL X
Vo FTCARFHETIE, FXMHEZHE L. Rectified Linear Unit (ReLU) Bi%% M\ 7= RZE L H
#J (Inequality Constraints) Z& AL 7z,

Leonst = ID(O)I°+ ) ReLU (u— ReD(k)) (14)
kedoublers

ZZTu=05BETHE, ZOEKEKIZ, ¥ 77 —DFEEN 0.5 X RKEIFIUIED L X
5, 25D, NN ¥ 77 —z2PHE—F (H) o5l I 27U, EFPFH Lo Ll
BELTH I (HHEZED), Z1UTLD, NNIE T 75 —%2 D=2 IZESXRED, HDH\»

wﬂ@%)ﬁﬂ:p< RED | &, WNEOBEEWEDADSHAWIT A Z LIk 5, /




Results : £ 7 7 —®Dpinning%Zi8{ELIBE

v
ER

Coefficient Value

¥

DFER, BREUIDLUT OEIZINE L 7,

C1 ~ 10,

co = finite small value,

Cpn>3 ~ 0

ZHUFEHERY 7 GW B (¢p = 1,651 =0) Z2FHHE L THEL TV 35,

o
o0

o
o

o
i

o
N

o
©

Discovery of GW Coefficients

— (DD)
e — Cz(DTD)Z
— c3(D1D)3

0 1000

2000 3000 4000 5000

Epoch

Spectrum of Discovered Operator

\
\
(' ® Al Discovered ‘b
$ -—- Ref: Circle (c; only) | !
! ]
I
/
/
7/
o
-0.5 0.0 0.5 1.0 1.5 2.0 2.5




Results : £ 7 5 —®dpinning%58< R L-BE
DG, REUILL T OMEIZPER L 7.

\
s

v
ER

c1 ~ 1.0, co =~ finite small value, c¢,>3~0

ZHUFEHERY 7 GW B (¢p = 1,651 =0) Z2FHHE L THEL TV 35,

Visualizing the Discovered Symmetry: D+ DT =f(DD)
1.75 4 + Learned Relation A
—-== Fitted Polynomial /’
7
1.50 A
//.
/-) i
o
1.25 4 |
L
A

~ 1.00 - L
Q
+ /"),
Q 075 J"/’ |

0.50

0.25
0.00

00 02 04 06 08 10 12 14 16
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Results : BAE % 5% <

BLEBS

4 35
=]

Coefficient

DR, BU WM ETEBREREFIELONT.
—5,

2.0 4

1.5 A

1.0 A

0.5 A

0.0

CDOEBEIHIIRREZAHY

Discovered Coefficients (3 Doublers > 0.5)

LA L, &Aoverlap Tl Ly,

—  Brillouin fermion kernel !

1 2 3 4
Order n

0.4

0.2

Spectrum of Discovered Operator

® Eigenvalues

4 ¢ ®
| .{:-:N '"'.‘3
F n.‘s 8
{ ; i
oq
LY Y
@

0.0 0.2 0.4

Brillouin fermion®D B & R




Results : |

R FIT I % 5

i KEBLE-BE

(=]

_7'7—,

FEDOER, BUOPETELER
COEBEDMIIREAHY

2D, U(1): L=24, p=3.3

THF LN,

LA L, &Aoverlap Tl Ly,

2D, U(1): L=24, p=3.3

—  Brillouin fermion kernel !

2D, U(1): L=24, p=3.3

- lap_bri, der_std, csw=0

2
PUE
fnod
.;:{
EF
Ia
K
4
H]
]
K

. lap_bri,

de‘r_bri, csw=0

) ;;‘,:,_u;‘.';f!'!'?-ﬁ(‘ffﬁ}ﬁ&*ﬁ N
o

-

.,"':': . -.\'.{’."éﬁ
LA Ry
Rl PRI L

L3t

IR
o

N
DAY

- lap_bri, der_iso, csw=0

:

Brillouin fermion®D B & R




Results : £ 75 —pinning + BFAE%2E L 1-ES

FEORER, Bl b, " EFELBEEFIEONT-.
Wi B E iz overlap Tl 7R Ly,
—  Brillouin fermion kernel L € [3—fiZ{tGWRERA Zziw7- I E&EF

Discovered Coefficients (3 Doublers > 0.5) Spectrum of Discovered Operator
0.8 1 0.8 ® Eigenvalues
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0.6 1 — 0.4 4
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-
[ =
o
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3
o
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Results : £ 7 Z —pinning + |

Rt 2R L1BE

FEOWRR, Bl b, EEREEFIEONT,
Wi B E iz overlap Tl 7R Ly,
—  Brillouin fermion kernel ¥ L € [3—#{LGWE R 2B =T BEF

2D, U(1): L=24, p=3.3

- _lap_bri, der_std, csw=0

2D, U(1): L=24, p=3.3

2D, U(1): L=24, p=3.3

- lap_bri, der_bri, csw=0 - lap_bri, der_iso, csw=0
i e 1 g SR
i S
of : O :
k: , é—‘}'{”"‘:‘h . Vine
1t EICAE L 1 SN
0 1 2 3/ 0 1 2

Brillouin fermion B H R




Results : £ 75 —pinning + BFAE%2E L1158

/””70)%*% Ble, b, EERBEFIE LN, \
Wi % Efifi s overlap T3 73 WL,

—  Brillouin fermion kernel % L € [I—fR{ELGWERA 2B 79 HE5F

’Y5(’75D) i (’)/5D) — 94 2k+1(’y5D)2k+2
Fujikawa (2000), Clancy, Kaplan, Singh(2023)
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