ﬁmﬁiﬁmsyvlny@ﬁit;%

REZTOREIL & FLERERIT

[Suzuki: Generalization bound of globally optimal non-convex neural network training:
Transportation map estimation by infinite dimensional Langevin dynamics. NeurlPS2020]
[Suzuki & Akiyama: Benefit of deep learning with non-convex noisy gradient descent: Provable
excess risk bound and superiority to kernel methods. network training: Transportation map
estimation by infinite dimensional Langevin dynamics. ICLR2021]
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AR ZE & INEERE

WNIA=R 9 2y T =0 DIBEERTEH
BREE (Y, £(X,0) I /3T A =R gD T — R ENFZIFFHALTWLS D

éz&ua&% B4 D IR O ,J/uﬁ,,a%  HREDT — 4 ’G‘ﬁ%

1 T
E(Y, f(X,0)) Ezf(yiaf(ﬂ%,@))
1=1
L(0) L(6)
RHICwRAMMELTZWH D, Kb VIZERIMET HH D,

GET —RIET A T —& &

\\¥ 4// \\¥EU%EEﬁoTv%tﬁE))//
COZDICIEKRELGREF vy THDH S,
piEl=ai=y
XTI TRARYVITE B LFELLEZE->-TIDLHICEIITS,
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UL F v v TONILERE) & REIRRE

Generalization gap Excess risk

A

SRALEEZE: L(0) — L(0)
JRARME: L(0) — inf L(0)

A

HL<lx L6 — irfle[é(Y,f(X))]
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« No free lunch theorem

[ 5D ARBECTHREO RV BEN T E# 3 FEIR Al e
THY, HAFERBICHEFRLIN/-FEICE TR

N ECECI| HHRBICEEL7=AE
THIFR = L

MR E

> Al

T B A~ D2

(B FICEMAEET LAY TIEH S & LT 3 |

FEFEIT T EHZEBE"THLENH S
- 7 ITOERM (F v A LDFITI)
William of Ockham : 1285-1347, R a7 Fn#E¥#H, TFHE,
No free lunch theorem: [D.H.Wolpert and W.G. Macready: 1995,1997][Y.C. Ho and D.L. Pepyne: 2002]
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c Ll %BBITHNTY
>EONTERELTICFNREOES LML T LA TR

PIRICEAH D ETIVIZA > TW5 %%% SEl3LD &
DI BBEZT T D HEDT
P EHOSEDOETIL P*eP : BEONTH
D" = (azi,yi)?zl . zll%%T\_g é,é: ?&E%
B I -y ARENE
sup Epnp-[L(6)] = inf  sup Epnp-[L(0)]
P*eP 0:Estimator P*cP

B AN DXL AWMTEEINTFELARL:
Epnops[L(0)] < Epnope[L(A)] (YP* € P)

EDnNP*ux9ﬂ<:EDnNP*uxéﬂ (IP* € P)
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e N A= X 58 b H B BesovZE ] BRTT—2X

[Schmidt-Hieber, 2019] [Nakada&Imaizumi,

[Imaizumi&Fukumizu, 2019] [Suzuki, 2019] 2019][Chen et al., 2019][Suzuki&Nitanda, 2019]
FEEMORT || ragsEgo || BopanE— || To2MERT
MEVRRIER || gEEEsE || seBuoks || BoEMEC)
BEPEIEE HiSE FREFENE || L CWEDR
= ExEHHEH

A

2s ___2s
n 2s+d n~ 2s+D

IR

_ _2(s=D/p+d/2)
2s—2d(1/p—1/2) 4 n~ 2(s—D/p+d/2)+d
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HEIC—ARIE

RO SDIE—ME] [FEREE] [7—20ERTHE]
M 2> TAANSHE%Z S > 7-FARDEE L FEFEH5E L
[Satoshi Hayakawa and Taiji Suzuki: 2020]

Bl : v TH 3 DORES TR FE:1/n, h—FI:1/n
0.5x 0.5x

v
y

Ty 73D Ty 73D Ty 76N

Deep net

: »
""" p . infsup B — Il p)] -~ LE

f:Linear foeF

— inf \ sup E[If — L]

Oh ull f:Linear foecony (F)

Convex hull
(Shallow net)-... .|




HEIC—ARIE

Boh T K] [FEHKE] [T—20ERTHE]
iEEZI-> THNhSHEZ S > REAMOFEE IIEEFEHE L
[Satoshi Hayakawa and Taiji Suzuki: 2020]
Bl : v 7H 3DAROXSEHEREY R®E:1/n, h—FI)L:1/4n
0.5x 0.5x

c BETTFTINIILEDODDETILTCHELEZ TWANESL
- FEHBICKS3FEMEFERE DOENME.

L —
I I |
v v T 3DFR v v T3DFR

Deep net

_infsup E[|[f — £°|7,p)]
f:Linear foeF

= _inf ; sup  E[[If —7°{,(p)]

Oh ull f:Linear fo econv(F)

Convex hull s
(Shallow net)«... . || e
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EI1ZhA 5T & D8R

NI R B 4 2 REE T 5 I Em A HEAH A

Neural Tangent Kernel  E[E~#7T AEMICH=—IE A
/Early stopping ih &
Y135 R IR~ RIE &= AL7= ko A
(BEF ) HRRITHE BIR (EXoT)  MeF v v 73RS A
Langeving&hZ )/ RKEWNETILIENG
AR EIRRITAE A PR/ &R Nexyry7/BRE|_ O

LangevinBi h  Hi—MERHEAL ZE& B ICRET
SEBRNNETIILOIEMMMEZE LT &L L7z,
cETIY A XY T A XITREFES BB,

R X stLangevingi h %
z3yiE > BIR - EREIEZ HE—AICiRD

> IRALTEBERELE

[Muzellec, Sato, Massias & Suzuki: Dimension-free convergence rates for gradient Langevin dynamics in
RKHS. arXiv:2003.00306]

[Suzuki: Generalization bound of globally optimal non-convex neural network training: Transportation map
estimation by infinite dimensional Langevin dynamics. NeurlPS2020. arXiv:2007.05824]



] RE =

B EUD I T B X

B 0F (x) + (1 = 0)f(y) = F(Ox+ (1 -0)y) (v¥x,y €RP,0<]0,1])

W\

\_
P > / X >
™ /[ 3EM
B ERIEE = KN REE ISkl p 57 DR P i)

FRFTEEE PRSI X DR Y

W Ry FT =7 DFEIINP-FE:
« Judd (1988), Neural Network Design and the Complexity of Learning.
« Blum&Rivest (1992), Training a 3-node neural network is NP-complete.



Loss landscape
« EIED L WNNDFIFRERZ (T XA L 7o fHFf s

=

X
BRAA . (PP BRI AR -
73: 75\ > TW %) ) XK ENTWR, AFSETRERNRERER ICENER D ISR FRE.

E I
nBDIET — X (x;, y)L 5 oNTWB &%, BRBHLIE
B & T B,

FEOERAEELCEBICOWT, BEAT -2 A XLV EWN

(M =n) ZEBNNfow)(x) =XM1 am n(wex) 23X T 2 FIHRERZE
L(a,W) =231 (i, flaw) X)) DERD L Nty b OIIGERS
A KIBHNREREZES., EWRX 5L, FEDORREMRIL
\ KB ERTH S, /

[Venturi, Bandeira, Bruna: Spurious Valleys in One-hidden-layer Neural Network Optimization Landscapes.
JMLR, 20:1-34, 2019.]
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(Tian, 2017; Brutzkus and Globerson, 2017; Li and Yuan, 2017; Soltanolkotabi, 2017;
Soltanolkotabi et al., 2017; Shalev-Shwartz et al., 2017; Brutzkus et al., 2018)

,BE 25505807
= im1 vin(w; x +b;)

e Liand Yuan (2017): RelLU, ABIZH Y ADFERE
>SGDci%lﬁﬁﬁ%&ﬁ’éﬂ(iﬁ/ﬁﬂ’\]?ﬁi@ﬁﬁtﬂﬂﬁﬁ
FEDOXAF I U ANF2ER[E
S RBRD B~ D AR + W5 T D il BB
« Soltanolkotabi (2017): ReLU, ABDIEH 7 ADNFHEIRE

> B E (EE>SY > I A4 X) A b’jﬂa/fffiﬂﬁ¢ = SANED
(Soltanolkotabi et al. (2017) 1z ZFFEELEE T L Vs WG

e Brutzkus et al. (2018): RelU

> IR DBt BE T T — X T2 LB E A l\'7—7’C§jJ75\L7L‘SGD
NI EERA ICHERETINGE L, ﬂ”ﬂjb

R/ x—t 70 By oBEmICHh L Y IKRTE)

]]H'

Li and Yuan (2017): Convergence Analysis of Two-layer Neural Networks with ReLU Activation.

Soltanolkotabi (2017): Learning RelLUs via Gradient Descent.

Brutzkus, Globerson, Malach and Shalev-Shwartz (2018): SGD learns over parameterized networks that provably generalized
on linearly separable data.




F—=IN=INTAPFA4ME— 3V
EIERAYA W & BRTEEAED KIgNREREIZR 5.

A R

L(W) —
BHEL LN S8, MEAED S RERE \\\ /
EE7 47 PNERLETL, A\VVAWWA

s ZTBFE DN F L
> Neural Tangent Kernel Dacot+ 2018][Du+ 2019][Arora+ 2019]
> Mean-field analysis (3935 8247)

[Nitanda & Suzuki (2017), Chizat & Bach (2018), Mei, Montanari, & Nguyen (2018)]




Neural Tangent Kernel
Fur (x) _ Z]Vil ajn(w;rx) [Jacot, Gabriel, & Hongler (2019)]
fw (@) =~ (W = WO TV fivo (2)
®» intk (2, 2") = (Vw fro (2), Vv fiwo (27)) - (NTK)

FEMED X7 —ILAKET WD T, #FEMERY D
STl T —%IC7 4y bTETLED.
Theorem [Arora et al., 2019]

M = Q(n2log(n)/Amin ) & §NIE, BEOEIC K > TRERR
ERARNRL, % DL [y (ko) y/n IR S
s,

See also[Du et al., 2018; Allen-Zhu, Li & Song, 2018; Li & Liang, 2018; Zou & Gu, 2019]

o« FIFEFERZQDRITHRIZINR T 5.

e NLEELH oA LN T WA,
e BIEMIIY > 7Y A4 X0l U TERAKARISDELH S.
« W—FIEDREAZIRITHE TV,

« Early stoppingL W& @BFEHT 5.



1535 B AT

—a—Z)ry b7 =7 DRENENT A =X
Dot ixElt & A7,

1
flz)=—> am(w/ z)
M j=1 v
1> DRLF

T—R~DETIEEY
R D AMICENL

v

! / =8 i /A RE
) Gt e o) T

M
f(x) = : Zajn(w;w) =3 an(w' z)p(a, w)dadw



Wasserstein & igin

AL BURR R (BRIREER) T/¥ T X — X [CBAHUE
YEEpICESHFFELE ABE D,
f(z) = % Zajn(ij) =3 an(w' z)p(a, w)dadw

fOREN ¢ pOEgEY

9
[ TPt — V- (vrpy) S 2 ]

Wasserstein G ok

[Atsushi Nitanda and Taiji Suzuki: Stochastic Particle Gradient Descent for Infinite Ensembles. arXiv:1712.05438.]

Memwﬁﬁf SIEBENDURA LY ILOHEH D 5.
I TEIEM > 0o CTHDIMEDH D
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McKean-Vlasovi@i2 pE= ~

c JAXBYRAFTITR pr
, (dlstr|but|on:
Model: fpt(w)zfan(XtTw)dpt(Xt) /oo s
~—— &
p¢: law of X; at time ¢ o mmem of

each particle)

LA F 22 X (McKean-Vlasovi@i2):

dXt — Utdt -+ \/FdBt

v (X¢, pt) Zﬁi foo(T3), yz)m? (Xsz)

Fokker- Planckﬁi—a_t X, DIET T 75 < 3701 b ikE
dp:

-
T —V - (vepr) + §Apt

o UNEE#RIT: Mei, Montanari&Nguyen, 2018; Rotskoff &Vanden-Eijnden, 2018.
o ERFIEIEREE: Weinan et al., 2019; Tzen&Raginsky, 2020; Lu et al., 2020.



at BL e

5 22 R L
t—|—1 = X" — ety( tapt)+\/§€t

(i.i.d., standard Gaussian)

'UA (Xt 7:075 ZE/ fpt xz) yz)an (XmT )

1=1
M

mT ~
foula Z (X] (pr =5 M 6xm)

m=1 Empirical distribution

Pros: E &0 H~DINEARIEENT WS,

[Mei, Montanari&Nguyen, 2018][Tzen&Raginsky, 2020]
Cons:

o “BEIE'MIexp(MTHIMELHD., BT, NERAERILT DI
BRI T2 % < TH20EH Y (BRATFHTIKIGRRIEINT).
« HRME &, (dB,) IIBHF I LI F—ICERN.
>ﬁw¥%®ﬁ§1hﬂw@éﬁ%@éﬂiw%ﬂm EERODNNTIZ
LB DT WAL F I IZEA L/ 4 X,
o p, |THEXTERE (BIRERDNNIZXTSRA)
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B GRE2HVWENNDOEE

EZ_a—TJI)ILpxy =7
ldea: " DFE — FXEBEHRDFEE
4 W :R% s R? W € La(po) )

fw(x) = /Rd a(W(w))o(W(w) " z)dpo(w) | “Lift”

- /Rd a(w)o(w' z)dW po(w)

\_ J
folz) = /Rd a(w)o(w ' z)dp(w) min L(f,) — min L(fwy,,)
S oz g e
. Lo
/ I




PN BREY R— N OBEECAE L O BREIED =2 —F )2y b
7= hWkzb. Lrd, BEEYTAYALA XM

> NTKREIGEBITE KELELR S,

> BIRtEE/ EREIE 2 H—ICIRZ 5.




& V) B EGERE

« 2EBNN: BE#EFKIR

m=1

(FalEEELR)

e (a)mlda, = 0 (m - ) BETE I N7=RE
* ap,=0(Vm>M) L ITNITBERERBDLEEINS.
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 ResNet
fl)=u" (T4 Fr(-))o (I+ Fr_i(-)) o

CWiRYx {1,...,T} — R?

Jw =u' (H+/ CL(’U),T)O'(W(’UJ,T)T-)de(w))o...O(I[+/
Rd R
\ Y,
Y
Residual block

. ZFNNG) BEiERH (%) 51%%@&@%7)
fw(x) = Za-a(me) {. 4 =g lory > 172

=1 e 1 is a smooth activation, e.g., sigmoid.

a(w, 1)o(W(w, 1)Tw)dp0(’w)>

* RKHS ED A A Xz

[Zimmermann and Toussaint. AAAI, 2018]
[Vellanki, Rana, Gupta, de Celis Leal, Sutti, Height, and Venkatesh: AAAI2019]

 RKHS LD 7>V V53 & « A/NX +FHF

[Signoretto, Lathauwer, and Suykens. arXiv:1310.4977, 2013] [Masnadi-Shirazi and Vasconcelos. NIPS2009.]
[Suzuki, Kanagawa, Kobayashi, Shimizu, and Tagami. NIPS2016]



EPRRXTIEChEEIL

[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306][Suzuki, arXiv:2007.05824]

min L(x) H: Hilbert space

rEH
‘ EAIE

in L AMlzll2, . Hx:“smaller” Hilb
:E%I?I-Ll (33)—|— Haj”?—[;{ 7]_[(KS:l(_)lrlail'_[er ilber space

H
5] e H:L?(po)
. Mo B E JLAUL b Z2FS
(e.g., SobolevZE )

salll
£l
=
Y

BEEDIRE: KIBNWTRER IIH, THRITIELTE 5.

— \EmRRITI v anvEIhFE CEEL




Noisy gradient descent

SGDIF 75 v F&%Fﬁf‘iiﬁﬁ@l ICEBPT L
_’EL‘JMBI‘SE R
EWDER

Training Function
! ¢ Testing Function

R N S R S
Flat Minimum Sharp Minimum

Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap

and sharp minima.

b
1
O =01~ | 5 le Vel(2,;0)
Y
=~ 1F 807
— ZVELIA—01E7 Ty FEEEIC
tEFHPIL

N~

N

JARICEBFEBEHE

Original function f f convolved with [—0.6, 0.6]

15.0 1 12 A . .
== noiSy region

12.5 101
10.0
7.5 1

5.0 A1

N > o2} [e5)
L L L L

2.5 1

0.0 A

-2 0 2 -2 0 2
X

[Kleinberg, Li, and Yuan, ICML2018]

BRNAEZHWS
> RIC/AXEEFEETWS
= BRIE#Z Bk

= x4—1 — N(VL(x4—1) + &)
= Yt = Ye—1 — N&t—1 — NV L(y—1 — n&i—1)
= Eﬁt—l [yt] =Yt—1 — 77VEEt—1 [L(yt—l - ﬂft_1)]

/A X%MA TEBELL-BrIEK
L(y:) = E¢,[L(y: — n&:)] ZR=BEAE.




\VEjE

2 Hi — H

dX; = -V (L(Xt) + %HXtH%K) dt + \/gdft J

Cylindrical Brownian motion: & = Z;il SRV
(f;); - HOIEREREE

ISRt R CERSRIEulerR ¥ —L):

~

| 3

A
Xnt1=Xn —1) (VL(Xn) + _vHXn+1||§{K) + 25&@

» Xnt1 = Sn ( WVL \/7§n) S = ([ +nr\A)" >
\

where z* Az = HxHHK )
En = 27 | Yn,j f; where v, ; ~ N(0,1) (ii.d.).




E BN

A 2
4X, = -V (L(Xa + §||Xt|\iK) at + \fgdgt

dmeo(z) o exp (— BL(x))dp.(x)
RE BEA

s = N0, (BANA)™Y) : TEAMLIEICHIS L= A 7 2812

where A is an operator such that z*Az = [|z[3,, .

Too(T) X exp (—BL(:B) — B%HxH%K) ERRRL THRL.

(ERARJT) AERIF VP anNVHHZEOEERHIT
HIRABEBFH R EAWVENA ASERZHICHTT 3.

— RALRZE DR b Al HE



EIRXITDERTE

E L)L b ZE[E
H={> e ofi | >peor <0}
(z,y) = ZZO:() apBr  forx =3, apfi, v= 25 Brfx

GRS

Hie = {3 00 o e | Yopeg 02/ < o0}

(T, Y) 1k = ZZOZO arBr/ ik for =3, apfe, vy =1 Brfk.

RE EEEORD) -
pr =k

(BFEYVARBHTIEEW, g~k P (P> ELTHEL, )

——




Assumption (1) +
€ It either holds: h
e (Strict Dissipativity) A > Mpug , or (38):38 M
e (Bounded gradients) ||VL(:)|| < B, for B > 0. (33)
L ( ) [IVL(-)| y




Assumption (2)

r ™
e Smoothness:

IVL(z) = VL(y)|| < M|z — y]|

Y,
Q e Strong smoothness condition: I

= S NE A — 33 ~
For o € (1/47 1)’ (P EWFEIEL — FHNEL R D)

IVL(z) = VL(y)|| - < Mljz —y|

1/2

where [l = (s (m0)*| (. f)2)
\ (This is not standard, but, is satisfied in the previous examples) J
\

e Third order smoothness:
Let Ly = L(Pnyz). There exists o/ € [0, 1) such that
ID?Ly(z) - (h,k)|lar < Corllhllollkllo,
\ |ID?Ln(z) - (h,k)|lo < Carllh]|-ar||Ello- )
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Moo E 6 7010

Thm (informal) [Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306 (2020)]

FROFHEDLH E, RHKYILD: —
ES IN v :ktT%

L(X%) — /L(:U)dﬂoo(ac) < exp (—A*kn) /C\i pl/2="

(seometric ergodicity + t|me discretization)

FEL >0 ¢ MEBOEDKE, ¢p =/ (ARHBE), ¢z =1 (G2
REMF), A IR P ILF vy T

Remark: /L(gj)dﬁoo(ﬂj) ~ L(z) for &:=argmin {L(az) + %HxH%K}

reH

EERRIE AT DX DT 7 = 7 zi&H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.
» Coupling argument < TN VR



BIRXT/N— 3 >~ L DER

>

Hie = {2 o Wer | Dopeo 0%/ 11k < 00}

e up ~ 1/k* @eokR)

|E[¢(Xn) T Cb(XW)H S C [eXp (—A;;m?) _|_ X_%nl/Q_/{] (optimal)

° Mk ~ ]_/k‘p (%3@) See [Andersson,Kruse&Larsson, 2016] for finite time horizon.
pHRELLBHIZIERE I 7 RSB ICH 5.

BO(X,) = (X)]| < C [exp (~Ajrn) + L2'7" "

»

HRRRITOIEHNTEp - olTX D (esms i) 4,

Elp(X,) —o(XT)]| <C [exp (—A;';nn) + %77 ] 2 1/kP
i N N B

[Xu et al. (2018)] "k

..




nn%d)ﬁﬁ*

SUNR 7 TR

E[p(Xn)] = o(2")| <7
FTEL, @IRIE S B,

« Raginsky et al. (2017),
Bréhier (2014), Bréhier and Kopec (2016):

Elp(Xn) — ¢(X(nn)))]

+ Elp(X(nn)) — o(X7>)]

+ E[p(X7) — o(z7)]

\_

/"« Xu et al. (2018):

E[p(Xn) — ¢(XH7)]
+ E[p(XH7) — (X))
+ E[p(X7) — ¢(z7)

~

i &H—IFEﬁ
L — FAERWN, — AT Y BmWEELINE

(Strong smoothness)




F—HONYE B
B6(Xn) — ¢(a")] =[E[6(Xn) — p(X*)]|+ Elg(X* ) — (X™)] + E[$(X™) — (")}

B (BRI 4 A + 2 7 XD Geometric ergodicity)

B EEN U, N2 7T-—2FE L T (BRAH),
geometric ergodicity (0 ~DIRFUNE) A% 372 D:

E[¢(Xn) = ¢(X*7)] < C(1 + [lzol]) exp (—Ajnm)
fefEl, "ARTFILF vy TTA BUATOLSICEZLND,

(i) (Strict dissipative) (i) (Bounded gradient)
A
A*:d A;:Cmin(i,l)(s
n 1 _'_77% 2,LLO 2
for ¢ =exp(—-0
. | w-0@)
XHn: r.v. obeying p, Xo = x¢ (constant)

o BRRITDZE EED, BEBERGEDNTWEEZ O Y LT,
« Coupling argument: LyapunovZ&fF, majorizationgetE & 1
(Mattingly et al. (2002) & Goldys&Maslowski (2006) D727 —v 7 #&bhH 3)



Geometric ergodicity E=

 Coupling argument

Prob(“couple” until time t)
>1—e ¢t

[ La/mICHES



FALRRZEREMNT

[Suzuki: Generalization bound of globally optimal non-convex neural network training:
Transportation map estimation by infinite dimensional Langevin dynamics. NeurlPS2020.
(arXiv:2007.05824)]



RIRE X 7E

Wo(w)o (W (w) " z)dpo(w

(CREBE | BREE Excessrisk: |

CLW)-LW) || LOV)— iR 2)]
S S SO D v,
($B0FiE ERRTGLD): A

aw, = V( (W) + —||WtuHK>dt+\f .

Wit1 =Sy (Wk—UVL (Wk) + /2 fk)

A D BB

\_

\s — 10}V HH > )

(FB18) EHEBRIEY A F 2 7 RADEEGibbs9%h:

dm
dpg
HB =

N(0,C") where C =

—=(z) o exp(—pL(x)) (li-)BayesHkH7

(BX)~diag(uo, p1, ).



MALRRENT VB

mitae . L) — [ Dw)dra(w) S exp (—Apkn) + S/

Thm CULERENT > F)

Forany k > 0,

Ew, [L(W)] < Ew, [L(W3)] + —=

with probability 1 — &, where

PAC-Bayesian stability bound
[Rivasplata, Kuzborskij, Szepesvari, and Shawe-Taylor, 2019]

R %E

« BEREKIIWIZCOWT +ITBEL D,
« BREMIIEF:
0<Llfw,2z) <R, |Vwllfw,2)|ln <R (VW eH, z&supp(P))




ERIEED

LW)=L5" (fw,z)  L(f) = Eji(f, 2)]
iR ZE (Excess risk): L(/W) — inf L(f)

f:measurable

EMDIRTE: (182 = X2 uiarer where z = X5 ager, and a2, = Y5 ura)
. JW* e H s.t. ir}fL(f) = L(fw+) (= L(f))

e Iy > 1/4 : EFAQESES I
U(W,2) = £(fy 2y 2) web L(W) = E[{W, 2)]

« BernsteinZ&{¥ [Erven et al., 20151:
E[(((f, Z) —L(f*,Z2))*] < B(L(f) — L(f*))°
> “FEEK s=1
> AV RT 4 v 7Kk with BRASf, ffs=1
+ Elexp (—2(UF,2) + 0, 2))| <1
> BREMIITTELETH 2 E L7530,
> BEODHHPBEVEZF>TWS I & Z{RE.



Fast rate: —fi&#z

Let Hy =T "V"*H and Hpo = T4

Thm (Fast rate: excess risk bound)

Suppose that W* € Hzo for 0 <6 <1 — m
it holds that

Can be faster than 0(1/yn)

Then, for a = 56T +1),

Ep, [Ew, [L(Wk)] — L(W™)]

2a/6 1 0
Sman{()\/B)z s(1— a/@)n 2— 3(1 a/o) )\ /6 )\ } k




Fast rate: [A])&%

£(f,2) = (f(x) —y)%: ZFIEX for(z) = | Walw)o (W (w) T z)dpo(w

R4

() HZ Lg(po)
o H: Watd/2(R) (Sobolev space) (v =a/d+1/2148%)

92
oﬁ—mforb<a

ANl=08=n&tg3zL7T

2min{a,b}

Ep, [Ew, [L(Wg)] = LIWT)| Sn~2eka ™ + 5y,

SobolevZEED I =< v 7 AmBEL — MI—3ET %
(a=bDHK).



HIBIRIRELC 511 5 LR

> 1
«5R{E/ 4 XM o~
PY=UX) 1225 (as) |1
e supp(Px) C [0,1]¢ and Px has density p such that /\/
p(x) > co (Vx € supp(Px)). - — e
o EMEALEREIL 7 8 b D supp(Px)
ceC™(R) for2m >d oo _
CEOEMIEE T ASTND ETD: f* = e fur@ = 3 asnlu; o)

+PRKEHEnEL <nlIXL,
E[Pr, ({Wyk € H | Px[sign(fw, (X)) = sign(f*(X))] # 0})]

— classification error

< . 2m/(2m—d) —k
S exp(—cfd )+ 52m/(2m—d)

NA ZEBRYIRIEEN S WEXRTKE D, retoszctal)



H—FIVERIEEE) & DLILE

[Suzuki&Akiyama: Benefit of deep learning with non-convex noisy gradient descent: Provable excess risk
bound and superiority to kernel methods. network training: Transportation map estimation by infinite
dimensional Langevin dynamics. ICLR2021]



£7 )L (Teacher-student model)

HENETIL

fw(x) = Z Am W2, mo (bt ' x)

m=1

W — (wl,man,m)gnozl . I_LI_'I_'I_.I- /\7 )< &
(@, b )m=1 * BTE/NT A —X&

= { (W1,ms W2,m ) pe=1 | HWH’H,Y Zfr?:l(wim + ||wa,m|?) /1), < oo}

={fw [ W eH,, [Wlxn, <1}

ERAITETIL: fPeF, (EBEH #HAVT
yi = fo(xi) +e; (i=1,...,n)
D, = (xi,yi)i—q (BT —X) S EBEOREK AT,




gL
*Um XM
*a,,  pt fora; >1/2
b, X u,? for a, >vy/2
SEMLEE o 13 =[BT Al BE TZ ORI B F
FEFE . CERBRERA
~ A
Wit1 =W, —n (vWL(fWk) + §VWHWI~€+1H§¢1) + \/2%&
(—BERICEZ BABICEHES L AEETEH LT/ A REMATLBT)

2 - _
fW(:U) - Z amwQ,mU(bmlwl,m

m=1

Thm (REZEOHERE LR)

O — Y 1 —
Epe |Ew [l fw, = f°[3a(m) | Dal| S 0755537 4 5,




§:¢Zx§Y Vi

BRI
Kernel ridge estimator Kernel ridge regression:
Sieve estimator )
Nadaraya-Watson estimator f($) = K, X(KX X T+ )\I)_ly

k-NN estimator

Ryin(Fy) := _inf sup Ep, [Hf f° ||L2(PX) . %ﬁﬁ;#ﬁﬁ%@

f:linear feerF, ) = ~ - < v 7 =z u/\%
s e /MU T DHEEEDHETERE

Thm (R EEDHTESE T R)

b=t v LT, EBOK >0IS LT, UTFAHEY I
__ 2B+d !
Rlin(]:’y) Zmn A+

WHEBH—FNVERAVWTHLIDL— FEEZ ONELL,



L — b DL

« REFE DIRARRE

_ Y
n a1 —3ao+1

« BRICHETE & DIRRiRE TR

_ 23+d 5 oat
Rin(Fy) Zn w000 (B =220

MRICHETE 8 (X TTd ICIRFo =R T TR CRoTditwy)

B:a, =y +3a,, a, =4y &35,

RE N [eE G —Fum)
n_(H_%)_l n_(1+d++‘l1.3)_1
- 1/n(large %) 1/\/ﬁ(large d)

HER D EEL DRIEDH V) THEEEZE 7 3EEH



FedH

EEZFE O ER IEMENBEE-IEMNMMEARTE L T-RE{LIER
INFTA—BDEAF IV RA-EBHRDZAF IR

« R ITLangeving)
> 55UNR DUNR R E
> FRJ{b &2 AN % Z & TEBEXITT TOUNE % {RaE
« FERRRITLangevinB) = DN LIS ETES
> - N A XE=E% 0
> Nbxvy 7
> Fast rate@ﬁtﬂﬁ#rﬂl:ﬁsﬂfﬁmt /NI DES
e Teacher-studentDEREICH T A EEZE DEARLE
>t 7)) X LLED-ER

A KR 0D
EBEZEOBEISEETS] (minimaxEiEtt). ° EE/‘]B@ﬁ?ﬁ@jﬁl—%ﬁ_klﬁ

> Hélder class [Schmidt-Hieber, 2017] EZEIZANT-=E RS
> Besov space [Suzuki, 2019][Hayakawa&Suzuki, 2019] ﬁﬁ*ﬁ'

» Piece-wise smooth [Imaizumi&Fukumizu, 2018]
> Amsotropm Besov [Suzuki&Nitanda, 2019]

B & Bt EmOmS
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