2026/07/09
F29oFEYIEMEEtE I F—+5E81[EDLAP

BWEEF R AW CEFZHERBEOFENR

B K15
RIL K= & RILKWPI-AIMR

Z N
I\O’T
/l\.
\‘/
eeeeeee

ALK SRR /@ AIMR



Nomura Group @ it XK=

Yuta Murakami

Yusuke Nomura

Strongly correlated materials Many-body calculations
Machine learning Nonequilibrium

Hsiao-Yi Chen Hitoshi Mori

Ab initio calculations Ab initio calculations
(exciton, magnon, ...) (phonon)



Quantum many-body problems

Materials = quantum many-body systems Quantum many-body problems

Hy = B
quantum many-body quantum state
Hamiltonian

Exponential computational cost on classical PC

— qguantum and many-body nature & Emergent quantum phenomena

— Various quantum phases compete with each other within small energy scale

Bias from human insight may result in wrong understanding/prediction @ machine learning/neural network
3
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Abstract

Analyzing quantum many-body problems and elucidating the entangled structure of quantum
states is a significant challenge common to a wide range of fields. Recently, a novel approach
using machine learning was introduced to address this challenge. The idea is to ‘embed’
nontrivial quantum correlations (quantum entanglement) into artificial neural networks.
Through intensive developments, artificial neural network methods are becoming new powerful
tools for analyzing quantum many-body problems. Among various artificial neural networks,
this topical review focuses on Boltzmann machines and provides an overview of recent
developments and applications.

Joumal of the Physical Society of Japan 94, 031001 (2025) Special Topics
https://doi.org/10.7566/JPSJ.94.031001 Machine Learn ing Phy sics

Quantum Many-Body Solver Using Artificial Neural Networks and its Applications
to Strongly Correlated Electron Systems

Yusuke Nomura'* @ and Masatoshi Imada®?

Institute for Materials Research, Tohoku University, Sendai 980-8577, Japan
2Physics Division, Sophia University, Chiyoda, Tokyo 102-8554, Japan
*Faculty of Engineering, University of Tokyo, Bunkyo, Tokyo 113-8656, Japan

(Received August 16, 2024; accepted August 30, 2024; published online December 19, 2024)

With the evolution of numerical methods, we are now aiming at not only qualitative understanding but also
quantitative prediction and design of quantum many-body phenomena. As a novel numerical approach, machine
learning techniques have been introduced in 2017 to analyze quantum many-body problems. Since then, proposed
various novel approaches have opened a new era, in which challenging and fundamental problems in physics can be
solved by machine leaming methods. Especially, quantitative and accurate estimates of material-dependent physical
properties of strongly correlated matter have now become realized by combining first-principles calculations with highly
accurate quantum many-body solvers developed with the help of machine leaming methods. Thus developed
quantitative description of electron correlations will constitute a key element of materials science in the next generation.
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Microscopic picture for understanding physical properties

L OVa({r},t) h? 02 Zre? e?
h ot B Z 2m Or? EI: r; — Rp —I_Z Paltrh?

i i< i = 7]

Kinetic Energy Attraction from Nuclei Electron-electron Interaction

/ (crystal structure) \

Band structure (wave-like picture) Interaction among charge, spin, orbital (particle-like picture)

repulsion between charges, spin exchange, ...

Spin

i -

Charge

Energy (eV)

Orbital

\

I X M

r 2 R A Z

Simulations are performed based on the above picture (interactions are difficult to handle)



Difficulty in solving microscopic equations

Quantum many-body problems in condensed matter physics : Many-body Schrodinger equation

Attraction from nuclei  E|.g| repulsion

_ Kinetic Energy (crystal stcutrue) )
hQ 82 Z[€2 62
D DY B G(r1, o, ... my) = BG(ri,ra, ..., 7y)
- 2m Or; r; — Ry — |r; — 1]
¢ 1 i<J )

Wave function (representing quantum states)
(Material dependent) quantum many-body Hamiltonian

The wave function can be expressed as a complex vector. The element for (rq, ..., rn) is w(ry, ..., rn).
Even if the mesh points in real space are only 10 points, at N=15 the dimension is 10> = PB-order memory.

; Bra-ket notation
H|y) = Ely)

Quantum many-body Hamiltonian Quantum State

(complex matrix with enormous dimensions) (complex vector with enormous dimension, vector representation=wave function)

Cannot be solved exactly (takes exponentially long time)

Challenge = Accurate representation of quantum states



Approximation of quantum states: conventional vs ML

EXRDED A
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To approximate quantum states by neural networks

Settings required in machine learning tasks (in case of quantum state approximation)

1. Define inputs for neural networks

—  Particle real-space configurations

2. Define outputs of neural networks and their architecture (# of hidden layers, ...)

—  Wave function

3. Define cost function
— Energy expectation value <H> (since ground state is the lowest energy state)

4. Select optimization method

— Natural gradient method = approximate imaginary-time Hamiltonian evolution

00 = arg(smin./? (6_257H|¢9>, \¢9+59>) = —6,.510p (H)
q

network parameter exact evol. approx.evol. metric tensor gradient

S. Sorella, Phys. Rev. B 64, 024512 (2001); S.-l. Amari, Neural Comput. 10, 251 (1998)
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RBM wave function for guantum spin systems

Mag. Field (bias term) b;

RBM (restricted Boltzmann machine) Wave function

Yo(o) = Z exp (Z a;o; + Z ofWiih; + Z hjbj)
h 3 %] J

e~ ErBM(0,R)  (Boltzmann weight)

Visible Layer

o= (07,05,...,0x5) :real space spin config.

Mag. Field (bias term) g;
G. Carleo and M. Troyer Science 355, 602 (2017) hj = 11

: spin of hidden units

When a=0, RBM wave function can be recast as

vo(0) = [ ] cosh (bj +y Wijaf)
j i
A more general wave function based on neural networks is written as

’(ﬁg(O‘) ZNLO£L0°°°ON1 O,Cl(O')
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Example: 1D Heisenberg model (8 site)
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. YN, A. Darmawan, Y. Yamaji, and M. Imada,
RBM 1+ PP wave function SRR 06 205152 (2017

RBM+PP wave function

/] _ i cf. many variable VMC wave function
@) = )i 2) V(x) = Pa(z)Ps(x)Ppair (¥)

Gutzwiller fac. Jastrow fac.

Neural network Pair-product (PP) state

(RBM) (geminal)
Bosonic Fermionic D. Tahara and M. Imada JPSJ 77, 114701 (2008)

Mag. Field (bias term) b;

RBM part (incorporating nontrivial correlations)
(# visible spins)= 2Nite

N(ZE) — HQCOSh (bk + Z WikOi) 02 — 27%’¢ —1 =41
k 1

092;—1 — QTLN —1==1

Mag. Field (bias term) g;

PP part (incorporating important correlations in advance) Carleo and Troyer Science 355, 602 (2017)

Nsite

, Ne/2
‘@pair> — (Z Z fz‘?‘a Cgoc;a’) |0>

t,j=1o,0'=1,] 14



RBM representation of Gutzwiller and Jastrow factors

Gutzwiller factor

Pc = exp(—gnitn;) > Pc = exp (_§0'2i0'2i—1)

except for constant factor
and one-body potential

(02i,00i—1) = (2nj4 — 1,2n; ) — 1)

RBM representation of Gutwiller factor (the same transformation can be applied to Jastrow factor)

O—0O >

except for constant factor

Pc = exp (_§U2i0'2i—1)

W]_ WZ

Pc = Z exp(Wiosih + Whos;_1h)

h==1

= 2 cosh(W0s; + Wromi_1)

—

p—

—

W, = %arcosh(_exp (lgl/2))

Wy = —Sgn g X Wi
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- YN, A. Darmawan, Y. Yamaji, and M. Imada,
Benchmark using 2D Hubbard model PRE 96, 205152 (2017)
Hubbard model on a square lattice Benchmark : Energy
8x8 square lattice, halt-filling (periodic, anti-periodic) 1)/t = &
x107 |
8 |
AT 2 AT A A A | | | | |
- —’Z Z(C Cjo + CjyCio) + U Z Mip M ] ﬁ RBM(+Fermi sea)
L / o 6

o 5| —- F/

sy

s.-‘) |~ : : : : : |-
= “
l SRR N N NN E— RBM+PP

Z"_;___ P — —4 RBM+ |
Benchmark: Correlation function Oy 0703 03 04 05 SYmmetrized PP
S(m, )/ Nsite X 10° l/a
o — 0 o — 8 a =32 mVMC AF-QMC a = (# hidden units)/(# visible units)
U/t=4 3.078(5) 3.057(5) 3.021(5) 3.107(4) 2.92(2)
U/t=8 5.233(9) 5.206(9) 5.20(1) 5.30(1)  5.0(1) PP state helps RBM to learn ground state

16



Benchmark using 2D J1-J2 Heisenberg model (D

RBM+PP wave function

V(o) =N(o) X Pgppair(0)

neural-network (RBM) Gutzwiller-projected PP state
(physics-inspired, RVB type)

o; = QS,L-Z — +1 (# visible spins)= Nt

YN and M. Imada Phys. Rev. X 11, 031034 (2021)

momentum and spin-parity projections

spin-parity (+ : S even, — : S odd)

S
e

K

total momentum

(7)

=Y e " R[Y(Tro)

+ U (—TRO')]

R

wave func. w/o symmetry

YN JPCM 33, 174003 (2021)
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Benchmark using 2D J1-J2 Heisenberg model @

ground-state energy, 10x10 lattice, J»=0.5

Energy per site Wave function Reterence
—0.494757(12) Neural quantum state 72
—0.49516(1) CNN 67
—0.49521(1) VMC(p = 0) 23
—0.495530 DMRG 25
—0.49575(3) RBM-fermionic wave function 70
—0.497549(2) VMC(p = 2) 23
—0.497629(1) RBM + PP Present study
— 13,132 parameters
-0.497634(1) Vision Transformer R. Rende et al.
— 267,720 parameters
—0.4976921(4) Residual neural networks A. Chen et al.

— 1,071,488 parameters

[72] Szabd and Castelnovo PRR 2020 [67] Choo et al., PRB 2019
[23] Hu et al.,, PRB 2013 [25] Gong et al., PRL2014 [70] Ferrari et al., PRB 2019

YN and M. Imada
Phys. Rev. X 11, 031034 (2021

excited-state energy, 6x6 lattice

1.2 RBM+PP|

Exact

S=2,(0,0)

0.8 S=0, (m,0)

0.4

S=1, (mm)
0 ] ! ] ] ] ]
0.30 0.35 0.40 0.45 0.50 0.55

Jo [ s

)
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- . - - - Chen and Heyl
Minimum-step stochastic reconfiguration (MinSR) method ... i< 20, 1476 (2022)

Stochastic Reconfiguration (SR) method (Natural Gradient) S : Fubini-Study metric tensor
—NpxNp matrix (Np: number of variational param.)

00 = —6.S 109 (H)
[Yors0) = o) + |dv)  d? = 50TS60

MinSR method Benchmark
Number of parameters N . .
[ | i J1-J2 Heisenberg model on 6x6 square lattice (J2=0.5)
N
p
Number of -0.20
samples N,
Quantum ! : — ET 0 0.25 T
metric - : — N, # of samples =6400
K ~ -0.30 # of parameters =53280
Variational quantum state
derivative -
~ < -0.35 ¢
— LL]
m -0.40 1
Neural +
tangent = =
kernel J — N, = 0 0 -0.45
-0.50

0 200 400 600 800 1000 1200 1400

Exploiting metric rank deficiency in the Np > Ns case Optimization step 20



Benchmark using 2D J1-J2 Heisenberg model @

ground-state energy, 10x10 lattice, J»=0.5

Energy per site Wave function Reterence
—0.494757(12) Neural quantum state 72
—0.49516(1) CNN 67
—0.49521(1) VMC(p = 0) 23
—0.495530 DMRG 25
—0.49575(3) RBM-fermionic wave function 70
—0.497549(2) VMC(p = 2) 23
—0.497629(1) RBM + PP Present study Optimized by SR method
— 13,132 parameters
—0.497634(1) Vision Transformer R. Rende et al.
— 267,720 parameters _ Optimized by minSR method
—-0.4976921(4)  Residual neural networks A. Chen et al. cf. talk by Luciano Viteritti @ MLP2026

— 1,071,488 parameters —

[72] Szabd and Castelnovo PRR 2020 [67] Choo et al., PRB 2019
[23] Hu et al.,, PRB 2013 [25] Gong et al., PRL2014 [70] Ferrari et al., PRB 2019
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Application of Transformer-based w.f. to Hubbard model

[
[
[
: |
: |
' |
Quantum Chemistry Correlated fermions ; ~
| e ————— T —— N N W N N W l -~ I I
B | I
' |
. 000 Q0 [ I
AP o 0 0 O © I [
g0 OSHOPNYD ® I
8 8 o #2 o e Th Y o) o : [
0.X070,%0 o
& o~o-5-0 o : 20 40 60 80 100 120 140 160 |
RBM MLP System size .
- I- N N N N S N S S E I E O S E EE E ‘

* This work
] MLP+Tensor, 2024
O MLP+Symmetry, 2021
o MLP+NNB, 2019
A RBM+SR. 2017
First-order Second-order
moment estimation moment estimation

Y. Gu et al., Nat. Commun. (2026)



(RAURIE & BRRB D HFMOEE VEIFR) Multimodality

0.1

Fidelity susceptibility
0.2 0.3 0.4 0.5

i =
N
; f" \ '-_ R
. /// /, N sss;, '
7, NAANSS .
// -.47 \H\\s\~~\:tiiix
% Wi S
i ,. R
\\\\\\\ ~a .
\\\\\\\\\ S

/ VNS

ssssssssss
~~~~~~~~~~
ssssssss

o

/3322222222;://gﬁ.~5 ~~~~~~ R
RIS S //"’*:::::5\

A e
sssssssss

0.11 7”7 7 e e e e
f | - 0.0 | | /z;;:g:ifiiii‘ = .
o5 | 77) cf. usual definition 1g()(0) 00 02 04 06 08 10
0 o8 ﬁ JQ/ J1

o Y (Hamiltonian param.)

R. Rende et al., Nat. Commun.16, 7213 (2025)

Related works: dynamics simulation:

Yo (1) (o) -> (0 (07 t)

A.Van deWalle et al., Mach. Learn.: Sci. Technol. 6, 045011 (2025); A. Sinibaldi et al., Phys. Rev. Lett. 136,120402 (2026)
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High diversity in models and algorithms

Various models (structure dependence) Various variational methods

Square lattice |
2 o Conventional Neural networks

Buo6 -

O. Mustonen et al, Nat. Commun. (2018)

Honeycomb lattice Triangular lattice Tensor networks Quantum Circuits

U(6)

BEDT-TTF7F
Imamura et al., Sci. Adv. (2024) https://www.nims.go.jp/press/2018/04/201804230.htm|
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Unified Accuracy Metric

Performance evaluations are conducted independently across different papers, models, and methods.

— Introducing the “V-score”, a unified numerical metric to consistently compare performance

D. Wu et al., Science 386, 296 (2024)

Unified Accuracy Metric : V-Score 10" { eo Chan @ TFAM ,
Rectangular Heisenberg % =
10-2 /\ Triangular @ Ji-Jbs j .
X] Diagonal o tv g
N Var E E 143 XX Kagome @ Hubbard SEA
V-score := ( T _F )2 e 0 & Pyrochlore L
—_— q) ;,’ o
> > 107 o LHH
Variational energy Energy at infinite temperature acs = 103 g
Ww 10-° = s
10~ ‘?797'@
10°° s i 10-5 @7@'"/’%
ctf. variance extrapolation ' ! ! '
P 107 10™* 1073 1072
Imada and Kashima, JPSJ 69, 2723 (2000); Kashima and Imada, JPSJ 70, 2287 (2001) 10'_6 10'_5 1(;_4 10'_3 10'_2 10'_1
V-score
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RESPACK:

Downfolding to obtain effective Hamiltonian  nups./sites google.commiew/kazumazies:

| et

Ab initio Hamiltonian Effective Hamiltonian RESPACK

First-principles many-body
perturbation calculation

A h? 02 Z
e Z< 2m Or? Z r; I;I\> " Z r; —I'g‘ Z thcwcga " L L kalcw JpClkaa

1 1<J 1#£] O 17kl op
e.g.: NiO trace out
Q
N
B f DFT =
Ni2+ — [Ar] 3de and structure from g A~ Er Ni3dband
OZ = 1522522pb - \_/
(closed shell) | Unoccupied 2 Target (T
band Q
| S
> V- _———= Ni3dband trace out
N =)
=
10y 1| Occupied
15} - band When the system is a Mott insulator,
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Application to 2D J1-J2 Heisenberg model

Antiferromagnetic J1-J; Heisenberg model on square lattice ,>0,.>0)
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Realization of quantum spin liquid?
Long-standing mystery for decades
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Quantum spin liquid phase where spin order is “melted”

Phase diagram at 0 K obtained from neural-network method

“Solid” phase “Solid” phase

continuous continuous 1st order
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~ 0.49 ~ 0.54 ~ 0.61 Jo [ U YN and M. Imada Phys. Rev. X 11, 031034 (2021)

Highly accurate calculations reveal unusual “liquid” phase of quantum spins even at zero temperature

- Quantum spin liquid (QSL) + doping (metallization) = high-temperature superconductivity?

- QSL entanglement and topology may offer pathways to quantum computing. N



Applications (beyond benchmark) to material-specific Hamiltonians

Pd(dmit), salts (organic solids)
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Quantum spin liquid in real materials

K.ldo et al., npj Quantum Mater. 7, 48 (2022)

— Entering a phase of research where we can utilize neural networks for challenging problems in physics

High-T. cuprates
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Identifying key factors for controlling pairing strength

M.-T. Schmid et al., Phys. Rev. X 13, 041036 (2023)
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Summary and open questions

Summary

Machine learning (ML) + proper setting — state-of-the-art performance

ML can play an essential role in resolving a problem beyond human intuition

Open questions

Best architecture ? (For the moment, performance is optimized through trial and error)

How to reduce computational cost without loosing accuracy?

We need to achieve calculations with O(103) site/orbital/spin degrees of freedom

What quantities determine the representational power of neural networks?

cf. entanglement entropy for tensor networks





