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テンソルネットワーク（テンソル分解）

パラメータ化された量子回路

TREE TENSOR NETWORKS FOR GENERATIVE MODELING PHYSICAL REVIEW B 99, 155131 (2019)
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FIG. 1. (a) Tree-structure factor graph, where each block denotes

a random variable with a value of −1 or 1, in which the blue (purple)
block represents a hidden (visible) variable. The edge between two
blocks introduces a factor function f (k) of those two variables. By
adjusting those factor functions, the model could obtain the appro-
priate joint probability. (b) Tree tensor network, where xi denote the
value of the ith pixel of the data set. Each yellow circle denotes a
two- or three-order tensor. The edge between two tensors denotes
a share index of tensors, which is also called a virtue index in the
literature and will be contracted later. The exposed edge denotes the
so-called physical index of tensors; those indices would ultimately
be determined by the data set. For one of the given configurations of
the physical indices, the probability of the configuration is propor-
tional to the final scale value of the TTN after contracting all the
virtue indices.

It has been proved that any factor graph can be mapped
to a tensor network, whereas only a special type of tensor
network has corresponding factor graphs [25]. We take the
tree-structure graph model as an example. Let us put a matrix
M (k) in each edge k and an identity tensor δ( j) in each hidden
node h j , with the elements being written as

M (k)
ha,hb

= f k (ha, hb) (3)

and

δ
( j)
l,r,u =

{
1, l = r = u,

0, otherwise,
(4)

where each index of δ( j) corresponds to an adjacent edge of
h j and bond dimensions of those indices are identical to the
number of states of h j . One can use either QR decomposition
or singular-value decomposition (SVD) decomposition to sep-
arate M (k) into a product of two matrices as

M (k)
ha,hb

=
∑

k

A(k)
ha,k

B(k)
k,hb

. (5)

Without loss of generality, here we assume in the graph ha !
hb. The obtained matrices A and B can be absorbed into a
tensor defined on nodes,

T ( j)
l,r,u =

∑

x,y,z

B(l )
l,xB(r)

r,yδ
( j)
x,y,zA

(u)
z,u. (6)

For j = 1, we simply let the bond dimension of z, u equal 1.
Now we arrive at a specific form of TNN as shown in Fig. 1(b).
Notice that the tensor T ( j) here is just a special subset of the
general three-order tensor, which means if we use general
tensors as the building blocks of the TNN, we would get an
extension of the origin factor graph model.

Here we want to recall that the rule of the sum-product
approach in a tree-structure factor graph is, in fact, equivalent
to the tensor contraction of the TTN, with the same order that
the sum-product algorithm applies. However, notice that the
tensor contraction is much more general than the sum-product
algorithm. In the cases when the sum-product algorithm is
no longer applicable, the TN can still be approximately con-
tracted using approaches such as the tensor renormalization
group [37].

C. Tree tensor network generative model

As motivated in the last section, we treat the TTN as a di-
rect extension of the tree-structure factor graph for generative
modeling. As illustrated in Fig. 1(b), each circle represents
a tensor; each edge of the circle represents an individual
index of the tensor. The first tensor is a matrix connecting the
second and third tensors, while the remaining tensors are all
three-order tensors with three indices. The index between two
tensors is called a virtual bond, which would be contracted
hereafter. The left and right indices of the tensors in the
bottom of the TTN are respectively connected to two pixels
of the input image and hence are called physical bonds.

As we indicated in the Introduction, the TTN generative
model can also be treated as one kind of Born machine [13];
that is, the TTN represents a pure quantum state "(x), and
p(x) is induced by the square of the amplitude of the wave
function following Born’s rule,

p(x) = |"(x)|2

Z
, (7)

where Z =
∑

x |"(x)|2 is the normalization factor. In the
TTN, "(x) is represented as a contraction of the total Nt
tensors in the TTN,

"(x) =
∑

{α}
T [1]

α2,α3

Nt∏

n=2

T [n]
αn,α2n,α2n+1

. (8)

The reason we choose the quantum-inspired Born machine
instead of directly modeling a joint probability is based on a
belief that the Born machine representation is more expressive
than classical probability functions [13,31]. Meanwhile, treat-
ing the TN as a quantum state could introduce the canonical
form of the TN, which simplifies the TN contraction calcu-
lation and makes contractions more precise. For example, if
tensor T [2] fulfills

∑
α4,α5

T [2]
α2,α4,α5

T [2]
α

′
2,α4,α5

= δα2,α
′
2
, we say that

the tensor T [2] is canonical for index α2, or, more visually
speaking, upper canonical. In the TTN, there are three kinds
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dimension increases, a MPS enhances its ability to para-
metrize complicated functions. See Refs. [17,18] for recent
reviews on MPS and its applications on quantum many-
body systems.
In practice, it is convenient to use MPS withD0¼DN ¼1

and, consequently, reduce the leftmost and rightmost matri-
ces to vectors [30]. In this case, Eq. (2) reads schematically

ð3Þ

Here, the blocks denote the tensors and the connected lines
indicate tensor contraction over virtual indices. The dangling
vertical bonds denote physical indices. We refer to
Refs. [17,18] for an introduction to these graphical notations
of TN. Henceforth, we shall present formulas with more
intuitive graphical notations wherever possible.
The MPS representation has gauge degrees of freedom,

which allows one to restrict the tensors with canonical
conditions. We remark that, in our setting of generative
modeling, the canonical form significantly benefits from
computing the exact partition function Z. More details
about the canonical condition and the calculation of Z can
be found in Appendix A.

B. Learning MPS from data

Once the MPS form of wave function ΨðvÞ is chosen,
learning can be achieved by adjusting parameters of the
wave function such that the distribution represented by
Born’s rule Eq. (1) is as close as possible to the data
distribution. A standard learning method is called “maxi-
mum likelihood estimation,” which defines a (negative)
log-likelihood function and optimizes it by adjusting the
parameters of the model. In our case, the negative log-
likelihood (NLL) is defined as

L ¼ −
1

jT j
X

v∈T
lnPðvÞ; ð4Þ

where jT j denotes the size of the training set. Minimizing
the NLL reduces the dissimilarity between the model
probability distribution PðvÞ and the empirical distribution
defined by the training set. It is well known that minimizing
L is equivalent to minimizing the Kullback-Leibler diver-
gence between the two distributions [42].
Armed with canonical form, we are able to differentiate

the negative log-likelihood (4) with respect to the compo-
nents of an order-4 tensor Aðk;kþ1Þ, which is obtained by
contracting two adjacent tensors AðkÞ and Aðkþ1Þ. The
gradient reads

∂L
∂Aðk;kþ1Þwkwkþ1

ik−1ikþ1

¼ Z0

Z
−

2

jT j
X

v∈T

Ψ0ðvÞ
ΨðvÞ

; ð5Þ

where Ψ0ðvÞ denotes the derivative of the MPS with
respect to the tensor element of Aðk;kþ1Þ, and Z0 ¼
2
P

v∈VΨ0ðvÞΨðvÞ. Note that although Z and Z0 involve
summations over an exponentially large number of terms,
they are tractable in the MPS model via efficient contrac-
tion schemes [17]. In particular, if the MPS is in the mixed-
canonical form [17], Z0 can be significantly simplified to
Z0 ¼ 2Aðk;kþ1Þwkwkþ1

ik−1ikþ1
. The calculation of the gradient, as

well as variant techniques in gradient descent such as the
stochastic gradient descent (SGD) and adaptive learning
rate, are detailed in Appendix B. After gradient descent, the
merged order-4 tensor is decomposed into two order-3
tensors, and then the procedure is repeated for each pair of
adjacent tensors.
The derived algorithm is quite similar to the celebrated

DMRG method with a two-site update, which allows us to
adjust dynamically the bond dimensions during the opti-
mization and to allocate computational resources to the
important bonds that represent essential features of data.
However, we emphasize that there are key differences
between our algorithm and DMRG:

(i) The loss function of the classic DMRG method is
usually the energy, while our loss function, the
averaged NLL (4), is a function of data.

(ii) With a huge amount of data, the landscape of the
loss function is typically very complicated, so that
modern optimizers developed in the machine learn-
ing community, such as the stochastic gradient
descent and learning rate adapting techniques
[43], are important to our algorithm. Since the
ultimate goal of learning is optimizing the perfor-
mance on the test data, we do not really need to find
the optimal parameters minimizing the loss on the
training data. One usually stops training before
reaching the actual minima to prevent overfitting.

(iii) Our algorithm is data oriented. It is straightforward
to parallelize over the samples since the operations
applied to them are identical and independent. In
fact, it is a common practice in the modern deep
learning framework to parallelize over this so-called
“batch” dimension [37]. As a concrete example, the
GPU implementation of our algorithm is at least 100
times faster than the CPU implementation on the full
MNIST data set.

C. Generative sampling

After training, samples can be generated independently
according to Eq. (1). In other popular generative models,
especially an energy-based model such as a restricted
Boltzmann machine (RBM) [3], generating new samples
is often accomplished by running MCMC from an initial
configuration, due to the intractability of the partition
function. In our model, one convenience is that the partition
function can be exactly computed with complexity linear in
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Compared to previousworks, ourmethod is broadly similar to the
proposal of ref. 31 to use classically trained TN models for initializing
PQCs, which was predicted to yield benefits in performance and
trainability within general machine learning tasks. Our findings can
thus be seen as both a concrete realization of this general proposal,
applicable to a diverse rangeof circuit architectures and learning tasks,
as well as a robust experimental verification of the benefits anticipated
there. Closer to our work is the pretraining method of ref. 32, where
trainedMPS with bond dimension χ = 2 were exactly decomposed into
a staircase of two-qubit gates, which were then used to initialize
quantum circuits for machine learning tasks. While this method was
shown to improve theperformanceand trainability of PQCmodels, the
restriction to χ = 2 MPS placed a limit on the extent of classical
resources which could be used to improve quantum models. By con-
trast, our synergistic optimization framework can be scaled up to
utilize arbitrarily large classical and quantum resources, a difference
that our results suggest gives continued returns in practice.

While the method we develop utilizes the specific circuit
decomposition procedure of ref. 33, any other scalable MPS to PQC
decomposition canbe used in its place, so long as the following criteria
are met: (a) It must accept as input MPS of arbitrarily large bond
dimensions, (b) It must output a circuit of any desired depth formed
from one- and two-qubit gates, and (c) It must converge to the original
MPS state vector at a reasonable rate as the circuit depth increases. All
of these criteriamustbe satisfied for themethod todeliver the benefits
seen here, with criterion (a) needed to use increasing classical
resources (ref. 32 is limited here), criterion (b) needed to use
increasing quantum resources within real-world quantum computers
(the methods of refs. 34–36 output single-layer circuits of k-qubit
gates, with k unbounded), and criterion (c) needed to avoid fidelity
plateaus which hinder the conversion of high-quality MPS into high-

quality PQC (ref. 37 exhibits such fidelity plateaus33). Besides ref. 33,
also the decomposition algorithms in refs. 38,39 satisfy all of these
criteria, and are therefore promising candidates to be employedwithin
this synergistic optimization framework.

In this work, we propose a synergistic framework for boosting the
performance and trainability of PQCs using a pre-optimized initi-
alization strategy built on scalable TN algorithms, which leverages the
complementary strengths of both technologies. As depicted in Fig. 1,
this method uses TNs to first find a promising quantum state for the
parametrized quantum algorithm at hand, then converts this TN state
to the parameters of a PQC, where further optimization can be carried
out on quantum hardware. We employ a circuit layer-efficient
decomposition protocol33 for matrix product states (MPS), whose
high-fidelity conversion of MPS to various PQC architectures allows
leveraging high-quality MPS solutions. The resulting quantum circuits
can be extended with classically infeasible gates which enable better
performance relative to theMPS, as well as purely quantum-optimized
circuits. We empirically verify these performance improvements in
various problems from generative modeling and Hamiltonian ground
state search, finding that our method successfully converts deep
quantum circuits from being practically untrainable to reliably con-
verging to high-quality solutions. We further give evidence for the
scalability of our synergistic framework by probing the gradient var-
iances, i.e., the “barrenness”, of PQCs with up to 100 qubits, finding
gradient variances and magnitudes to remain stable with increasing
number of qubits and circuit depth. By ensuring that PQCs are set up
for success using the best solution available with today’s abundant
classical computing resources, we believe that our methods
might finally unlock the true potential of parametrized quantum
algorithms as effectivemethods for solving problems of deep practical
interest.
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The Synergistic Framework

Fig. 1 | Schematic depictionof the synergistic training framework utilizingTNs
and PQCs. Rather than starting with a random initialization of circuit parameters
(black curve), which may suffer from problems such as barren plateaus and sub-
optimal local minima, we instead train a matrix product state (MPS) model on a
classical simulation of the problem at hand (left half of blue curves), whose per-
formance is bounded by the limited entanglement available via its bond dimension
χ. This MPS wavefunction is then approximately transferred using a layer-efficient
decomposition protocol that maps the MPS to linear layers of SU(4) gates. To

improve on the classical solution, the quantum circuit is extended with additional
gates (blue gates, initialized as near-identity operations) that would have been
unfeasible to simulate on classical hardware. We find numerical evidence that
quantum circuit models that leverage classically initialized circuit layers (gray &
blue shaded gates) exhibit drastically improved performance over quantum cir-
cuits that were fully optimized on quantum hardware (blue shaded gates) and are
likely to run into common trainability issues.
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PEPS(Projected Entangled Pair States)
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Renormalization Ansatz)

エンタングルメントエントロピーのエリア則を満たす量子状態

テンソルネットワークで表現された波動関数はパラメータ数の大幅な削減により古典計算機でも高速に処理できる



テンソルネットワークと量子回路の組み合わせたボルンマシン
Manuel S Rudolph, et al., Nature Communications, 14, 8367(2023).

組み合わせることで、量子回路の最適化に
おける勾配消失問題を解決できる

テンソルネットワークとパラメータ化量子回路の統合アプローチ
actually exhibit an increase in variance with circuit depth, a trend
which is more visible in the all-to-all extended circuit. Overall, the
gradients of the all-to-all topologies have a larger gradient variance,
indicating that the circuit extension after transferring theMPS solution
is crucial to the success of the PQC. Thesefindings suggest that the use
of trained MPS places the quantum circuit model in a region of the
parameter space without evident barren plateaus, but where the
additional flexibility provided by increased connectivity in the quan-
tum circuit enables it to effectively improve on the classical MPS
solution. With a more sparse set of measurements, we identify a very
similar trend when utilizing χ = 4 MPS solutions.

Several potential criticisms may be raised about the scenario
studied above and presented in Fig. 3. First, while statevector simula-
tion allows us to generate valuable statistics for deep circuits, it only
permits us to consider system sizes and datasets up to 20 qubits. This
limitation is particularly restrictive when attempting to highlight the
scalability of our method since trainability issues induced by barren
plateaus are expected tomanifest themselvesmoreprominently as the
qubit count increases. Consequently, we had to extend the decom-
posed circuits into an all-to-all topology to showcase the utility of our
methodmorediscernibly at such a limitedqubit count. This is a second
potential criticism because the study of all-to-all topologies is unlikely
to be highly relevant in practice given the sheer number of noisy gates
and possibly restricted hardware connectivity. Finally, the correlation
structure in the Cardinality dataset is such that an MPS with bond
dimension χ linear in the number of qubits can exactly represent the
target distribution. Consequently, one might expect pretraining using
an MPS to be abnormally successful. This fear is only partially sup-
ported by our findings in Fig. 2 because, while initial losses after pre-
training on the BAS dataset are high, the resulting QCBM optimization
is most dramatically improved.

We aim to address all these potential concerns with a com-
plementary gradient scaling result using MPS-based quantum circuit
simulation and a generative modeling task on the BAS dataset in a
square arrangement. The 2D correlations in the BAS dataset suggest
that a favorable circuit ansatz for a QCBM is one comprised of SU(4)
gates in a 2D next-neighbor topology. Notably, this resembles a prac-
tical circuit topology for which quantum devices could exhibit an
advantage, given the hardness ofmany 2D problems and the hardware
connectivities in various modern quantum devices.

For the benchmarks, we train N-qubit TNBMs with χ = 2 and χ = 4
on all Oð2
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BAS dataset. We then

decompose the correspondingMPS into one linear layer of SU(4) gates
and extend that layer into a 2D topology using identity-initialized
SU(4) gates. For the randomquantum circuit reference case, the linear
part of the topology is randomly initialized, but the extension to the 2D
topology is again done using identity operations. The gradients are
computed via automatic differentiation of the MPS-based quantum
circuit simulator. The identity initialization of the additional gates
helps us simultaneously keep the gradient computations both feasible
and exact by avoiding the need for the truncation of the simu-
lator MPS.

Fig. 4 depicts the scaling of the gradient magnitude of the KL
divergence loss functionwith respect to the circuit parameters, i.e., the
2-norm of the gradient vector, up to 10 × 10 = 100 qubits. Even in this
new numerical setup, we observe results that are exactly consistent
with the results in Fig. 3 for the χ = 2 case, but we are now able to see
that pretraining using a χ = 4 MPS eventually outperforms and keeps
up the favorable scaling. This supports the intuition that increasing
classical resources are required as the problem size increases, and that
high-performance schemes to convert tensor network states into
quantumcircuitswill beneeded in the future. However, it also suggests
that moderate classical resources are sufficient in order to continue to
provide value for the following quantumcircuit optimization. Onemay
have expected that drastic increases in classical compute would be

required to escape barrenplateaus, but ourfindings suggest that this is
in fact not exponentially demanding using a synergistic framework
jointly leveraging TNs and PQCs.

The avoidance of barren plateaus, as indicated in Figs. 3 and 4, is
vital to ensuring the trainability of PQCs and their viability on quantum
hardware. Vanishing gradient variances imply that gradient magni-
tudes also vanish19, which leads the estimation of parameter gradients
on quantum hardware to require a number of measurements which
grows exponentially in the number of qubits. Additionally, barren
plateaus have been linked to the phenomena of cost concentration and
narrow gorges25, which hinder the ability of gradient-based and
gradient-free optimizers to find high-quality solutions, as well as the
existence of large numbers of low-quality local minima24, which pre-
sent further difficulties in learning. Aside from improving the training
performance in practice (as seen in Fig. 2), stable gradient variances
(such as those in Figs. 3 and 4) hint that a finite (or at worst, non-
exponential) number of quantum circuit evaluations may be sufficient
to estimate parameter gradients and perform PQC optimization on
quantum hardware in a scalable manner.

Discussion
This work introduces a synergistic training framework for quantum
algorithms, which employs classical tensor network simulations
towards boosting the performance of PQCs. Our framework allows a
problem of interest to be attacked first with the aid of abundant clas-
sical resources (e.g. GPUs and TPUs), before being transitioned onto
quantum hardware to find a solution with further improved perfor-
mance. By moving the work of quantum computers to improve on
promising classical solutions, rather than finding such solutions de
novo, we ensure that scarce quantum resources are allocated where
they are most effective, setting up parametrized quantum algorithms
for success.

Assessing the performance of our methods on generative mod-
eling and Hamiltonian minimization problems, we found that PQCs
initialized with this synergistic training framework not only obtained
better training losses using identical quantum resources, but also

Fig. 4 | Gradient magnitude scaling for a QCBM with the KL divergence loss
function and the BAS dataset. For the pretrained cases, we train MPS with bond
dimensions χ = 2 or χ = 4, decompose them into one layer of SU(4) gates while
optimizing the fidelity, and extend that layer to a 2D topology using identity gates.
The gradientmagnitude, i.e., the 2-normof the gradient vector, is then evaluatedon
anMPS-based quantum circuit simulator for practical feasibility.While the gradient
magnitudeof the randomly initialized circuits decayexponentiallywith the number
of qubits, the pretrained cases exhibit significantly more stable behavior. After
9 × 9 = 81 qubits, the gradients for the χ = 2 pretraining start to decay and are sur-
passed by the χ = 4 case.
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Compared to previousworks, ourmethod is broadly similar to the
proposal of ref. 31 to use classically trained TN models for initializing
PQCs, which was predicted to yield benefits in performance and
trainability within general machine learning tasks. Our findings can
thus be seen as both a concrete realization of this general proposal,
applicable to a diverse rangeof circuit architectures and learning tasks,
as well as a robust experimental verification of the benefits anticipated
there. Closer to our work is the pretraining method of ref. 32, where
trainedMPS with bond dimension χ = 2 were exactly decomposed into
a staircase of two-qubit gates, which were then used to initialize
quantum circuits for machine learning tasks. While this method was
shown to improve theperformanceand trainability of PQCmodels, the
restriction to χ = 2 MPS placed a limit on the extent of classical
resources which could be used to improve quantum models. By con-
trast, our synergistic optimization framework can be scaled up to
utilize arbitrarily large classical and quantum resources, a difference
that our results suggest gives continued returns in practice.

While the method we develop utilizes the specific circuit
decomposition procedure of ref. 33, any other scalable MPS to PQC
decomposition canbe used in its place, so long as the following criteria
are met: (a) It must accept as input MPS of arbitrarily large bond
dimensions, (b) It must output a circuit of any desired depth formed
from one- and two-qubit gates, and (c) It must converge to the original
MPS state vector at a reasonable rate as the circuit depth increases. All
of these criteriamustbe satisfied for themethod todeliver the benefits
seen here, with criterion (a) needed to use increasing classical
resources (ref. 32 is limited here), criterion (b) needed to use
increasing quantum resources within real-world quantum computers
(the methods of refs. 34–36 output single-layer circuits of k-qubit
gates, with k unbounded), and criterion (c) needed to avoid fidelity
plateaus which hinder the conversion of high-quality MPS into high-

quality PQC (ref. 37 exhibits such fidelity plateaus33). Besides ref. 33,
also the decomposition algorithms in refs. 38,39 satisfy all of these
criteria, and are therefore promising candidates to be employedwithin
this synergistic optimization framework.

In this work, we propose a synergistic framework for boosting the
performance and trainability of PQCs using a pre-optimized initi-
alization strategy built on scalable TN algorithms, which leverages the
complementary strengths of both technologies. As depicted in Fig. 1,
this method uses TNs to first find a promising quantum state for the
parametrized quantum algorithm at hand, then converts this TN state
to the parameters of a PQC, where further optimization can be carried
out on quantum hardware. We employ a circuit layer-efficient
decomposition protocol33 for matrix product states (MPS), whose
high-fidelity conversion of MPS to various PQC architectures allows
leveraging high-quality MPS solutions. The resulting quantum circuits
can be extended with classically infeasible gates which enable better
performance relative to theMPS, as well as purely quantum-optimized
circuits. We empirically verify these performance improvements in
various problems from generative modeling and Hamiltonian ground
state search, finding that our method successfully converts deep
quantum circuits from being practically untrainable to reliably con-
verging to high-quality solutions. We further give evidence for the
scalability of our synergistic framework by probing the gradient var-
iances, i.e., the “barrenness”, of PQCs with up to 100 qubits, finding
gradient variances and magnitudes to remain stable with increasing
number of qubits and circuit depth. By ensuring that PQCs are set up
for success using the best solution available with today’s abundant
classical computing resources, we believe that our methods
might finally unlock the true potential of parametrized quantum
algorithms as effectivemethods for solving problems of deep practical
interest.
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The Synergistic Framework

Fig. 1 | Schematic depictionof the synergistic training framework utilizingTNs
and PQCs. Rather than starting with a random initialization of circuit parameters
(black curve), which may suffer from problems such as barren plateaus and sub-
optimal local minima, we instead train a matrix product state (MPS) model on a
classical simulation of the problem at hand (left half of blue curves), whose per-
formance is bounded by the limited entanglement available via its bond dimension
χ. This MPS wavefunction is then approximately transferred using a layer-efficient
decomposition protocol that maps the MPS to linear layers of SU(4) gates. To

improve on the classical solution, the quantum circuit is extended with additional
gates (blue gates, initialized as near-identity operations) that would have been
unfeasible to simulate on classical hardware. We find numerical evidence that
quantum circuit models that leverage classically initialized circuit layers (gray &
blue shaded gates) exhibit drastically improved performance over quantum cir-
cuits that were fully optimized on quantum hardware (blue shaded gates) and are
likely to run into common trainability issues.
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FIG. 3. (a) Training the NLL of the TTN Born machine as a
function of the data size |T |; the system size is N = 16. (b) Training
the NLL of the TTN Born machine as a function of the system size
N ; the data size |T | = 50.

left as a two-dimensional vector. The square of the values
of this two-dimensional vector is the marginal probability of
xk = 0, 1. Then the conditional probability for the next pixel is
computed as

p(x j |xk ) = p(x j, xk )
p(xk )

. (14)

In diagram notation this is equivalent to using a sampled value
of xk to fix the corresponding bond of xk and keeping the
corresponding bond of x j open in contraction. The conditional
probability of Eq. (14) can be generalized to the case of
multiple fixed pixels. Equipped with all the conditional prob-
abilities, we are able to sample pixels of images one by one.

III. NUMERICAL EXPERIMENTS

A. Random data set

Remembering a specific set of random samples, i.e., as
an associative memory [39], is perhaps the hardest and least
biased task for testing the expressive power of generative
models. Since in the TTN we are able to compute the partition
function, the normalized probability of the training sample,
and the NLL exactly, we can quantify how well our model
learned from the training random samples. Generally speak-
ing, the smaller the NLL is, the more information we capture
from the training data set. Notice that the theoretical lower
bound of the NLL is ln(|T |). Thus, if the NLL is equal to
ln(|T |), it means the KL divergence is zero, indicating that
the distribution of our model is exactly the same as empirical
data distribution. That is, our model has exactly recorded the
entire training set and is able to generate samples identical to
training data with an equal probability assigned to each of the
training samples.

In Fig. 3(a), we show the NLL of the training set as a func-
tion of the number of training patterns |T |. The dashed line is
the NLL’s theoretical limit ln(|T |). As we can see, the NLL
converges to the theoretical limit when the maximum bond
dimension Dmax ! |T |. In fact, a MPS or TTN with a bond
dimension equal to D could analytically encode D images
[40]. So when Dmax ! |T |, TTNs have enough expressive
power to converge to the theoretical limit.
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FIG. 4. Comparison between the TTN and MPS Born machines
trained on ten random patterns with different system sizes. As the
system size become larger, MPS can no longer reach the theoretical
limit of the NLL when Dmax equals the number of samples, while
the TTN is almost unaffected by the system size. This is because the
structure of the TTN can capture the long-range dependences better.

As noticed in the traditional theory of tensor networks,
the maximum entanglement entropy that a bond of the tensor
network can capture equals ln(D) [41]. For the random data
sets considered here, the classical Shannon entropy of the TN
approaches this value of entanglement entropy. But for more
general cases the relation between entanglement entropy and
classical Shannon entropy is not completely understood [42].

In Fig. 3(b) we plot the NLL as a function of the number of
pixels in each random pattern. The number of training patterns
|T | = 50. Figure 3(b) shows that when |Dmax| < |T |, the NLL
increases almost linearly with the number of variables in the
pattern. This is because the long-range correlations of a par-
ticular set of random patterns are dense, and the TTN does not
have enough capacity to exactly record all the information of
the random patterns. When |Dmax| ! |T |, since the correlation
length of pixels in the TTN grows only logarithmically with
the size of the image, the NLL can always easily converge
to the theoretical limit regardless of how large the size of the
picture is.

This point is further illustrated in Fig. 4, where the re-
lationship between system size and training the NLL on
different models is shown. As an example, we use |T | = 10
random patterns to train both the TTN and MPS models. We
found that even at very large N , the TTN can still converge
to the NLL’s theoretical minimum once its maximum bond
dimension reaches 10. However, under the same or even
higher bond dimension (Dmax = 12), the NLL of the MPS still
fails in converging to the theoretical bound when the size is
very large. Because in the MPS the correlation length decays
exponentially fast, the information contained in the middle
bond is more saturated when the image size becomes very
large, making the maximum-likelihood training less efficient.

B. Binary MNIST data set

A standard benchmark for computer vision, especially for
generative modeling, is the handwritten digits of the MNIST
data set. The binary MNIST data set contains a training set
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of canonical forms for each tensor: upper canonical, left
canonical, and right canonical, depending on which index
was finally left. The three canonical forms are shown in the
following diagrammatic notation:

.

The line on the right side represents the identity matrix.
It is technically easy to canonicalize a tensor in the TTN.

For example, we can start from one end of the tree and use
the QR decomposition of the tensor to push the noncanonical
part of the tensor to the adjacent tensor. By repeating this
step, finally, one will push all noncanonical parts of the TTN
to just one tensor, called the central tensor, and all other
tensors are in one of the three canonical forms. Analogous
to the mixed-canonical form of MPSs, we call this form the
mixed-canonical form of the TTN.

Once the TTN is in the canonical form, many calculations
become simple, for example, the normalization factor Z fi-
nally becomes the squared norm of a tensor:

, (9)

where the orange tensor represents the noncanonical central
tensor in an arbitrary position. The direction of all the ten-
sors’ canonical forms is pointed toward the direction of the
central tensor. After all, to get the normalization Z , the only
calculation we need to do is the trace of multiplication of the
central tensor by its complex conjugate.

General tensor networks have a gauge degree of freedom
on their virtual bond. One can insert a pair of unitary matrices
UU −1 in the virtual bond without changing the final contrac-
tion results. This could damage the accuracy of the training
algorithm and brings additional computational complexity.
Fortunately, for acyclic tensor networks like the TTN, the
canonical form fixes this degree of freedom.

D. Data representations

In this work, we consider binary data, such as black and
white images, so the local dimension of the Hilbert space of
each physical bond is 2. As illustrated in Fig. 2, each index for
the lowest-layer tensors has two components, corresponding
to the two possible values of the connected pixels. The pixels
can be simply vectorized from the image to a vector, as
explored in [14] for the MPS Born machine, which we call
one-dimensional (1D) representation, as it basically does not
use any features in the two-dimensional (2D) structure of the
images.

Compared with the MPS, a significant advantage of
the TTN is that it can easily achieve the two-dimensional

(b) (c)

(a)

FIG. 2. (a) The TTN with 2D structure. Changing the 1D order
of data with the 2D order is equivalent to using the TTN with 2D
structure replacing Fig. 1(b). (b) The 1D order of data. (c) The 2D
order of data.

modeling of natural images. Figure 2(a) shows the two-
dimensional modeling of the TNN. In this architecture, each
tensor is responsible for one local area of pixels, which
greatly reduces the artificial fake long-range correlations.
Hence, we call it the 2D representation. Clearly, the 2D
representation keeps the model structure of Fig. 1, while only
requiring reshuffling the data index to proper order, as shown
in Figs. 2(b) and 2(c) [21,38].

In practice, in order to ensure that the number of input
pixels is a power of 2, we may artificially add some pixels that
are always zero. If the input data are the 1D permutation, we
add those zero pixels to the two ends of the one-dimensional
chain; if it is 2D, we add to the outermost edge of the
2D lattice. This is analogous to the “padding” operation in
convolution networks.

E. Training algorithm of the TTN

As we introduced in Sec. II A, the cost function we used
in the training is the negative log likelihood [Eq. (1)], which
is also the KL divergence between the target empirical data
distribution and the probability distribution of our model, up
to a constant.

A standard way to minimize the cost function is the
stochastic gradient descent algorithm (SGD). Unlike the tra-
ditional SGD, which updates all trainable parameters at the
same time, in the TTN we have a sweeping process; that
is, it iteratively updates each tensor based on the gradient
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where the orange tensor represents the noncanonical central
tensor in an arbitrary position. The direction of all the ten-
sors’ canonical forms is pointed toward the direction of the
central tensor. After all, to get the normalization Z , the only
calculation we need to do is the trace of multiplication of the
central tensor by its complex conjugate.

General tensor networks have a gauge degree of freedom
on their virtual bond. One can insert a pair of unitary matrices
UU −1 in the virtual bond without changing the final contrac-
tion results. This could damage the accuracy of the training
algorithm and brings additional computational complexity.
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white images, so the local dimension of the Hilbert space of
each physical bond is 2. As illustrated in Fig. 2, each index for
the lowest-layer tensors has two components, corresponding
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structure replacing Fig. 1(b). (b) The 1D order of data. (c) The 2D
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modeling of natural images. Figure 2(a) shows the two-
dimensional modeling of the TNN. In this architecture, each
tensor is responsible for one local area of pixels, which
greatly reduces the artificial fake long-range correlations.
Hence, we call it the 2D representation. Clearly, the 2D
representation keeps the model structure of Fig. 1, while only
requiring reshuffling the data index to proper order, as shown
in Figs. 2(b) and 2(c) [21,38].

In practice, in order to ensure that the number of input
pixels is a power of 2, we may artificially add some pixels that
are always zero. If the input data are the 1D permutation, we
add those zero pixels to the two ends of the one-dimensional
chain; if it is 2D, we add to the outermost edge of the
2D lattice. This is analogous to the “padding” operation in
convolution networks.

E. Training algorithm of the TTN

As we introduced in Sec. II A, the cost function we used
in the training is the negative log likelihood [Eq. (1)], which
is also the KL divergence between the target empirical data
distribution and the probability distribution of our model, up
to a constant.

A standard way to minimize the cost function is the
stochastic gradient descent algorithm (SGD). Unlike the tra-
ditional SGD, which updates all trainable parameters at the
same time, in the TTN we have a sweeping process; that
is, it iteratively updates each tensor based on the gradient
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modeling of natural images. Figure 2(a) shows the two-
dimensional modeling of the TNN. In this architecture, each
tensor is responsible for one local area of pixels, which
greatly reduces the artificial fake long-range correlations.
Hence, we call it the 2D representation. Clearly, the 2D
representation keeps the model structure of Fig. 1, while only
requiring reshuffling the data index to proper order, as shown
in Figs. 2(b) and 2(c) [21,38].

In practice, in order to ensure that the number of input
pixels is a power of 2, we may artificially add some pixels that
are always zero. If the input data are the 1D permutation, we
add those zero pixels to the two ends of the one-dimensional
chain; if it is 2D, we add to the outermost edge of the
2D lattice. This is analogous to the “padding” operation in
convolution networks.

E. Training algorithm of the TTN

As we introduced in Sec. II A, the cost function we used
in the training is the negative log likelihood [Eq. (1)], which
is also the KL divergence between the target empirical data
distribution and the probability distribution of our model, up
to a constant.

A standard way to minimize the cost function is the
stochastic gradient descent algorithm (SGD). Unlike the tra-
ditional SGD, which updates all trainable parameters at the
same time, in the TTN we have a sweeping process; that
is, it iteratively updates each tensor based on the gradient
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ネットワーク構造の局所的な組み替え
合成

分解 変分エネルギーの最適化

密度行列繰り込み群法の２サイト更新（White, 1992）

合成テンソルの分解の仕方

枝の再接続による木構造の更新アルゴリズム
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基底状態に対するツリーテンソルネットワーク変分法への応用

一般的な木構造を持つネットワーク構造を組み替えることが可能
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I(A : B) → E.E. → ln(D) D:ボンド次元

合成テンソルの分解時に最小のBMIを持つ 
分解を選択する方が良い

２つの確率変数群の間の相関を定量化

Convy, et al. Machine Learning: Science and Technology  3, 015017 (2022).

ボンドを流れる情報の流れを定量化



適応的テンソル木(Adaptive Tensor Tree)による生成モデル

K.H., Tsuyoshi Okubo and Naoki Kawashima, arXiv:2408.10669

Tensor tree learns hidden relational structures in data to construct generative models 4

Figure 1. Procedures to be iterated for optimizing the tensors and network structure
in the adaptive tensor tree (ATT) method. (a) Three candidate decompositions of a
combined tensor with four legs. Before computing the bond mutual information (BMI)
for each configuration, the component tensors (red) are improved. (b) For a target bond
(the thick black line), we obtain a bigger tensor with four legs by contracting it. We
choose the one with the smallest BMI among the three possible decompositions.

correlated points close to each other on the tree. After combining two connected tensors

in a tensor tree, we can decompose it in three ways, as shown in Fig.1 (a). If we choose

the least BMI decomposition, we may rearrange two strongly correlated points close to

each other. Therefore, we propose the branch-reconnection procedure on a tensor tree,

as shown in Fig.1 (b). We refer to this method of adjusting the tree structure of the

tensor network guided by BMI as the adaptive tensor tree (ATT) method.

2.2. Branch-reconnection algorithm

The detail of our branch-reconnection in Fig.1(b) is as follows:

(i) Initialize the network and all tensor elements.

(ii) Start from a randomly selected “virtual” bond. (Here, a virtual bond does not

directly represent an original variable.)

(iii) Contract the bond and obtain a 4-leg tensor. Improve the combined tensor to

approximate the empirical distribution of the data better.

(iv) Estimate BMI by sampling for each of the three ways of decomposition (Fig.1(a))

and choose the one with the smallest BMI. Before computing BMI for each

decomposition, the component tensors are improved.

(v) Replace the 4-leg tensor with the chosen decomposition.

(vi) If the termination condition is satisfied, terminate.

(vii) Move to a bond connected to one of the two new tensors and return to step (iii).

In steps (iii) and (iv), we improve the combined tensor and new tensors in the

decomposition by employing gradient-descent updates to minimize the negative log-
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古典相互情報量の統計的評価
<latexit sha1_base64="gAyLarqvoTUAU60Y+rrY3ycQ53M="></latexit>
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�

X Y

ツリーテンソルネットワークの場合、サンプルに対する結合確率や
周辺化された分布の確率の値の計算ができる
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データサンプルによる平均

木構造をもつテンソルネットワークには 
カノニカルフォームがある



適応的テンソル木アルゴリズムの適用例
• 長距離の相関のあるランダムビット列 

• 手描き文字画像 (QMNIST) 

• ベイジアンネットワーク 

• S&P500インデックスにおける株価の変動

テンソル木がデータ内の関係性を自動的に抽出



長距離の相関があるランダムビット列への適用例

ネットワークを最適化

MPSに固定

０に固定

データ：１０個のランダムビット列

学習過程での負の対数尤度 最適化されたネットワーク構造
ランダム ランダム

強く相関している左右
のビットが集まる



手描き数字の画像データセット(QMNIST)への適用例
データのピクセルの位置をシャッフル

負の対数尤度
固定したランダム木

最適化されたネットワーク構造

最適化したネットワーク

ネットワーク中心からの距離のランキング

強く相関する中央付近の
ピクセルが集中

適応的テンソル木アルゴリズムは確率変数間の関係を自動的に取り出してネットワーク構造に反映



統計的な依存関係を持つデータへの適用例
グラフィカルモデル  
（ベイジアンネットワーク）

<latexit sha1_base64="awpQxs2aoZwt4x1mG25eBv6EnGI="></latexit>

Pdata(x) =
Y

i

P (xi|{xp}p2Parent)

確率変数同士の依存関係

適応的テンソル木アルゴリズムはベイジアンネットワークの依存関係を再現

結果（相関係数r=0.8）

XOR

<latexit sha1_base64="aae0R3ecQ+wPGVjN0Zdc0kNkJMg="></latexit>

P (X2|X1) = rωX2,X1 + (1→ r)(1→ ωX2,X1)

1 2例



S&P500インデックス中の株価の変動データへの適用例
データ: 株価の変動をバイナリ化

学習過程での負の対数尤度

固定されたランダム木

ネットワークを最適化

株価の平均変動率より大きい場合に１、そうでなければ０Tensor tree learns hidden relational structures in data to construct generative models12

Figure 3. (a-c) Target Bayesian networks of random binary variables and
corresponding tensor network structures: (a) single dependency with no branching, (b)
single dependency with branching, and (c) multiple dependencies. In each diagram,
the upper layer is the target Bayesian network, and the lower layer is the corresponding
tensor network. All tensor trees are not schematic diagrams but actual solutions
obtained by the method regardless of the initial network configurations. (d,e) The
result of adaptive tensor tree generative modeling applied to the stock price fluctuation
patterns in S&P 500 index: (d) Bond-dimension dependency of the negative log-
likelihood, and (e) sample of generated tree structure at the bond dimension of 5.
Companies are colored according to the sector to which they belong.

ボンド次元と負の対数尤度

固定されたランダム木

最適化されたネットワーク

最適化されたネットワークの方が良い性能



S&P500インデックスの株価変動率データに最適化されたネットワーク構造
木の葉はS&P 500インデックスに含まれる会社を表す

同じ業種中の会社は集まり、 
１色の部分木構造を作る

適応的テンソル木アルゴリズムはデータ
中の隠された関係性を抽出

会社は業種のセクターに応
じて色が付けられている



２点相関のクラスタリングによる解析
会社の株価変動率の２点相関係数

Company

C
om

pa
ny

クラスタリング結果

業種



２点相関のない場合のデータに対する適用例
XOR

２点相関で見ると３つの孤立した確率変数のグループが
あるが、確率変数７、１５、６は強く相関。

このデータに対する２点相関係数
<latexit sha1_base64="W/9Rdob1x47p4p9VsXPzYirFi+I="></latexit>

P (x16 = xor(x7, x15)) = 0.8

２点相関を用いたアルゴリズムでは捉えることができない関
係性（多体相関）を適応的テンソル木アルゴリズムは抽出



まとめ
• 適応的テンソル木を用いた生成モデル 

• 知識のないデータに対する性能の向上 

• 最適化したネットワーク構造により隠されたデータ中の関係性を表現：多体相関

学習アルゴリズムでデータに隠された関係性を抽出

•最適化アルゴリズムの改善 

•ボンド次元の動的な変更 

•ボンドの更新順序 

•ボルンマシンならではの応用先

今後の課題

K.H., T. Okubo, N. Kawashima, Tensor tree learns hidden relational structures in 
data to construct generative models, arXiv:2408.10669
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