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Hierarchical Replica (permutation) symmetry breaking and ultrametricity
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We study two scenarios of machine learning 
with artificially generated training data
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Scenario (1) Random inputs/random outputs

random 
input

random 
output

Jij

synaptic weights

machine

Q: How may different ways the machine 
can be designed to satisfy the  

imposed random inputs/outputs ?

“Random Constraint Satisfaction Problem” 
 (ランダム制約充足問題）

2. A Potts anti-ferromagnet on random graphs
It is immediate to realize that the q-coloring problem is equivalent to the question of determining
if the ground-state energy of a Potts anti-ferromagnet on a random graph is zero or not [8].
Consider indeed a graph G = (V, E) defined by its vertices V = {1, . . . , N} and edges (i, j) ∈ E
which connect pairs of vertices i, j ∈ V; and the Hamiltonian

H({s}) =
∑

(i,j)∈E

δ(si, sj) . (1)

With this choice there is no energy contribution for neighbors with different colors,
but a positive contribution otherwise. The ground state energy (the energy at zero
temperature) is thus zero if and only if the graph is q-colorable. This transforms the
coloring problem into a well-defined statistical physics model. Usually, two types of random
graphs are considered: in the c−regular ensemble all points are connected to exactly
c neighbors, while in the Erdős-Rényi case the connectivity has a Poisson distribution.

Figure 1. Example: a proper 3-
coloring of a small graph.

3. Cavity method: Warnings, Beliefs and Surveys
Over the last few years, a number of studies have
investigated CSPs following the adaptation of the so-called
cavity method [2] to random graphs [4, 9]. It is a powerful
heuristic tool —whose exactness is widely accepted but
has still to be rigorously demonstrated— equivalent to the
replica method of disordered systems [2]. Its main idea
lies in the fact that a large random graph is locally tree-
like, and that an iterative procedure known in physics as
the Bethe-Peirls method can solve exactly any model on
a tree (such models are often qualified as “mean field”
in physics). Interestingly, it was realized [10] that an
equivalent formalism has been developed independently in
computer science [11], where it is called Belief Propagation
(BP, which conveniently enough, may also stands for
Bethe-Peirls). Defining ψi→j

c (c = 1, .., q) as the probability that the spin i has color c in absence
of the spin j (the “belief” that the spin j has on the properties of the spin i), BP reads

ψi→j
c =

1

Zi→j
0

∏

k∈N(i)\{j}

(

1 − ψk→i
c

)

(2)

where Zi→j
0 is a normalization constant and the notation k ∈ N(i) \ {j} means the set of

neighbors of i except j. From a fixed point of these equations, the complete beliefs in presence
of all spins can be also computed. They give, for each vertex, the probability of each color from
which other quantities, as for instance the number of solutions, can be computed. A simpler
formalism, called Warning Propagation (WP), restricts itself to frozen variables (i.e. to variables
for which only one color can satisfy the constraints). However, WP does not allow to compute
the number of solutions, only their existence, but is definitely simpler to handle.

It was soon realized, however, that these methods developed for trees could not be
used straightforwardly on all random graphs because of a non-trivial phenomenon called
clustering [9, 12] (for which rigorous results are now available, see [13]). Indeed, while for
graphs with very low connectivities all solutions are “connected” —in the sense that it is easy
with a local dynamics to move from one solution to another— they regroup into a large number

Antiferromagnetic Potts model

H =
X

i,j

�qi,qj

Example:
Graph coloring

Clustering transition  =  glass transition
SAT/UNSAT transition = jamming transition

Connection to glass physics

- a constraint  satisfaction problem 

- glass/jamming physics



Replicated Gardner volume

Replicated free-energy 

Order parameters

replicas: machines learning in parallel with the same data

Hajime Yoshino,  SciPostPhys. Core 2, 005 (2020).
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Figure 2: A loop of interactions in a DNN extended over 3 layers, through 3 percep-
trons and 4 bonds. We neglect effects of such loops (and more extended ones) in our
theory.

with
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The typical behavior can be studied by considering the n ! 0 limit [36], i.e.

@nV n(S0,SL)
S(0),S(L)
����
n=0

where the overline represents the average over the different realiza-

tions of the boundaries (see below for the details.)
As shown in appendix A, following similar steps as in [20], we obtain the replicated free-

entropy functional sn({QÑ, qÑ}) in terms of the order parameters QÑ and qÑ defined in Eq. (13)
in the limit N , M ! 1 with fixed ↵ = M/N . For simplicity, we limit ourselves to a tree-
approximation which neglects the effects of interaction-loops along the z-axis such as the one
shown in Fig. 2. The tree approximation has two essential problems: 1) it cannot describe
faithfully 1-dimensional fluctuations along z-axis 2) it misses microscopic details close to the
boundaries where we naturally expect inhomogeneities. Especially it fails to capture the dif-
ference of the two opposite boundaries. In principle, this accidental symmetry can be removed
taking into account loop-corrections. Indeed the loop shown in Fig. 2 is not symmetric with
respect to the interchange of the left and right hand sides.

Given the structure of the network (see Fig. 1), it is natural to assume that order parame-
ters are uniform within each layer l = 0, 1,2, . . . , L,

Qab,Ñ =Qab(l), qab,Ñ = qab(l). (16)

To represent the quenched boundaries, we impose the boundary conditions on the in-
puts/outputs layers by simply putting qab(0) = qab(L) = 1 (see below).

The above general formulation can be adapted for the two scenarios introduced in sec. 2.2
as follows,

• Random inputs/outputs

In the case of random inputs/outputs (sec. 2.2.1) we consider the free-energy functional,

��F[{Q̂(l), q̂(l)}]
N M

=
@nV n(S0,SL)

S0,SL
���
n=0

N M
= @nsn[{Q̂(l), q̂(l)}]

���
n=0

. (17)

The presence of the imposed random inputs/outputs can be specified by providing values
of qab(0) and qab(L). Since all replicas are subjected to the same inputs and outputs, we
can simply set,

qab(0) = qab(L) = 1. (18)
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4.1 Liquid phase

For small ↵ we find the whole system is in the liquid phase where the glass order parameters
are all zero: for i = 1, 2, . . . , k qi(l) = 0 (l = 1, 2, . . . , L�1) and Qi(l) = 0 (l = 1, 2, . . . , L).
This simply means that the parameter space is so large compared with the number of
imposed constraits so that the system can very easily satisfy the constrains.

4.2 1st glass transition

Figure 4: Glass order parameters close to the 1st glass transition: a) spatial profile of
the Edwards-Anderson (EA) order parameter for spins qEA(l) and bonds QEA(l) slightly
before ↵ = 2.0 (empty symbols)/after ↵ = 3.125 (filled symbols) the 1st glass transition.
The depth is L = 10 in this example. b) Variation of the EA order parameters qEA(1) =
qk(1) and QEA(1) = Qk(1) at the 1st layer after passing the critical point of the 1st
glass transition ↵g(1) ' 2.03. c),d) Glass order parameter function q(x, l) for spins and
Q(x, l) for bonds at the 1st layer l = 1 at around the 1st glasstransition. Here 1/↵ =
0.32, 0.34, 0.36, 0.38, 0.40, 0.42 from the top to the bottom. e),f) the overlap distribution
function of spins P (q) = dx(q)/dq and bonds P (Q) = dx(Q)/dQ Eq. (25).

With increasing ↵ Eq. (3), the system becomes more constrained. We find a continuous
glass transition at ↵g(1) ' 2.03 on the two layers l = 1, L � 1 just beside the quenched
input/output boundaries as shown in Fig. 4 a). The rest of the system (l = 2, 3, . . . , L�2)
remains in the liquid phase qEA(l) = QEA(l) = 0 during the 1st glass transition. As shown
in Fig. 4 b) the Edwards-Anderson (EA) order parameters of the spins qEA(l) = qk(l) and
bonds QEA(l) = Qk(l) at the 1st layer l = 1 grow continuously across the critical point
↵g(1). Exactly the same happens at the last layer l = L � 1.

As shown in Fig. 4 c),d), the functions q(x, l) an Q(x, l) at the 1st layer l = 1 (and
the same for l = L � 1) are continuous functions of x with plateaus at qEA and QEA for
some range x1(↵) < x < 1 with x1(↵) decreasing with ↵. Thus the replica symmetry is
fully broken much as in the SK model for spinglasses [10]. Correspondingly the overlap
distribution functions Eq. (25) P (q) = dx(q)/dq and P (Q) = dx(Q)/dQ shown in Fig. 4
e),f), exhibit delta peaks at q = qEA, Q = QEA plus non-trivial continuous parts extending
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to q = 0 and Q = 0.

4.3 2nd glasstransition

Figure 5: Glass order parameters close to the 2nd glass transition: a) spatial profile of
the Edwards-Anderson (EA) order parameter for spins qEA(l) and bonds QEA(l) slightly
before ↵ = 15.38 (empty symbols)/after ↵ = 25 (filled symbols) the 2nd glass tran-
sition. The depth is L = 10 in this example. b) Variation of the EA order param-
eters qEA(2) and QEA(2) at the 2nd layer after passing the critical point of the 2nd
glass transition ↵g(2) ' 15.9. c),d) Glass order parameter function q(x, l) for spins
and Q(x, l) for bonds at the 1st layer l = 2 at around the 2nd glasstransition. Here
1/↵ = 0.04, 0.045, 0.05, 0.055, 0.06, 0.065 from the top to the bottom. e),f) the overlap
distribution function of spins P (q) = dx(q)/dq and bonds P (Q) = dx(Q)/dQ Eq. (25).

Increasing ↵ further we find 2nd glass transition at ↵g(2) ' 15.9 by which two layers
l = 2, L�2 become included in the glass phase while the rest of the system l = 3, 4, . . . , L�3
still remains in the liquid phase as shown in Fig. 5 a). The glass phase has grown a step
further into the interior. The transition is again a continuous one as can be seen in Fig. 5
b) where we display the EA order parameters qEA(l) = qk(l) and QEA(l) = Qk(l) at l = 2.
Exactly the same happens on the other side at l = L � 2.

As shown in Fig. 5 c),d), the functions q(x, l) an Q(x, l) at the 2nd layer l = 2 (and
the same for l = L� 2) are continuous functions of x with plateaus at qEA(2) and QEA(2)
in some range x2(↵) < x < 1 with x2(↵) decreasing with ↵. A marked di↵erence with
respect to the 1st glass transition which happend at l = 1 (and l = L � 1) is that the
order parameters becomes finite only in some range x2(↵) / x < 1. As the result it looks
approximately like a step function with the step located at x2(↵). As shown in Fig. 5 e),f),
this amount to induce a delta peak not only at qEA(2) (QEA(2)) but also at q = Q = 0 in
the distribution of the overlaps.

Remarkably, the 2nd glass transition induce another continuous glass transition within
the glass phase on the 1st layer l = 1 (and l = L � 1). As can be seen in Fig. 5 c),d), an
internal step like structure emerge continuously within the region where the glass order
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Figure 7: The glass transition point ↵g(l) of internal layers. This is obtained by
numerical analysis of the saddle point solutions. The solid line is the exponential fit
Eq. (24).

Figure 8: Decay of x(Q) and x(q) with increasing ↵. Here values of x(Q, l), which
is the inverse function of Q(x , l) and q(x , l), are shown at various Q, q and layers l.
The slope of the straight line is 1/2.

changes made on the bonds [33]. Thus even in QEA(l)! 1� limit, the spin configuration can
fluctuate significantly.

As shown in Fig. 9, the glass order parameter functions become quite complex at large
values of ↵. Closer to the boundaries, the system has experienced larger numbers of successive
glass transitions that leave behind river-terrace-like structure with many steps in the glass order
parameter functions. This means distribution functions of the overlap with many delta peaks.
The steps of the glass order parameter functions at different layers appear to be aligned with
each other.

Now let us summarize the essential features of the glass order parameters q(x , l) and
Q(x , l) shown in Fig. 4, 5 and 9. The essence of the river-terrace-like glass order param-
eter functions can be sketched schematically as shown in Fig. 10 a). Here we have simplified
the picture representing the functions by staircases neglecting their rounding. Comparing the
river-terraces at different layers we notice an interesting feature that the steps at different lay-
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Figure 8: Glass order parameter functions under stronger constraints ↵ = 4000. In this
example L = 20 and the centeral layers at l = 8, 9 still remain in the liquid phase. a),b)
3 dimensinoal plots of q(x, l) and Q(x, l). c),d) the same in 2 dimensional plots. e,f)
the corresponding overlap distribution functions Eq. (25) at l = 1, 2 (for clarity others at
l = 3, 4, . . . are not shown).

x means hierarchical organization of clusters at each layer l: clusters of replicas which are
close to each other are enclosed in a meta-cluster of replicas at lower x in which replicas
can be a bit more separated from each other, and so on.

To understand meaning of the hierarchical clustering of replicas along the x-axis, it is
useful to consider two independent machines subjected to the same inputs/outputs which
can be regarded as two replicas. Recalling that x has a probablistic meaning as given in
Eq. (25), we notice that the two macines at a given layer l belong to the same cluster at
level x with the probability 1� x which is larger for smaller x. Therefore, even if the two
machines do not belong to the same cluster at a given level x with some overlap q, they
may still belong to a common cluster at some lower x with lower overlap q. The hierarhical
organization of clusters imply the hierahircal free-energy landscape as shown in panel c):
small valleys are group into meta-valleys. The free-energies of the vallyes within the same
meta-valley are correlated [14]. The strength of fluctuation 1 � q(x, l) at di↵erent level
x can be understood as e↵ective ’flattness’ of the free-energy landscape at corresponding
levels.

The most important feature of our result is that the glass order parameter function
q(x, l) evolves in space in such a way that it progressively become less complex and flatter
as we go deeper into the interior. For a given ↵, the penetration depth ⇠glass(↵) ⇠ ln ↵ is
finite. So that in deep enough network L/2 > ⇠glass(↵), the interior remains in the liquid
phase. Moreover the river terraces at di↵erent layers are synchronized to each other with
common positions of steps at x1 < x2 . . ., suggesting that basic hierarhical structure and
that of the free-energy landscape is preserved across the glass phases at di↵erent layers.
For example, consider again two replicas, i. e. two independent machines subjected to
the same inputs/outputs represented by two ’stars’ in the panels b) and c). For a given
level, say n of the hierarchy, associated with the step at xn, the probability that the two
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Figure 15: Schematic picture of the design space of deep neural network based on
the present theory

3.6 Summary

The non-linear dynamics Eq. (1) in random perceptron networks is known to be highly chaotic
[31, 32]. Among all such random perceptrons, which typically give chaotic dynamics, we
considered statistical mechanics on the ensemble of extremely rare samples which happen to
meet a large number of externally imposed inputs/outputs boundary conditions. Our theory
predicts that such a selection (learning) on the ensemble of chaotic trajectories give rise to a
hierarchical clustering of the trajectories (solutions) which evolves in space as shown in Fig. 15.
The presence of the liquid phase in the center is consistent with the chaos. The spatial evolution
of RSB smoothly connects the free-liquid like center and strongly constrained boundaries.

Imagine that we are monitoring the behavior of multiple machines that are subjected to
the same inputs/outputs boundary condition but evolving (learning) independently from each
other. Their configurations are represented by ’stars’ in Fig. 15. Starting from the input layer,
we notice that they progressively become more separated going deeper into the bulk but they
become closer again approaching the output layer. The initial part, where different clusters
of solutions (machines) merge into bigger cluster look like forgetting the detailed differences
(renormalization) and the latter is the reverse: it amplifies mutual differences to produce the
desired output (label). This picture appears to be consistent with some intuitions gained in
some studies of machine learning in DNNs [52].

Usually (by definition) chaotic systems are extremely weak against perturbations. It is very
interesting to ask what happens if selections (learning) come into play. Our theory implies
that, during learning, a machine can diffuse chaotically within the huge continent of solutions
(liquid) at the center without violating the imposed boundary conditions. Larger fluctuation
means entropic stability. Thus it is not inconceivable that the combination of the strong internal
chaos and the selection made at the boundaries can create a machine whose output is strong
against perturbations. Our theoretical results suggest this is the case.

One can view Fig. 15 as a picture of the phase space of hard-spheres bounded by two
walls made by frozen particles. The frozen boundaries act like pinning field for the particles
and successive layer-by-layer glass transitions start from the boundaries as the pressure is
increased. This is similar to the layer-by-layer growth by physical adsorption on substrates
[53]. As the glass region grows in space, the interior of the glass region experiences further
glass transitions (like the Gardner transition [48]) by which their phase space become split
further. In the teacher-student setting, one of the glass corresponding to that of the teacher
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Figure 14: The spatial profile of the EA order parameters qEA(l) = q0(l) = r(l),
QEA(l) = Q0(l) = R(l) (RS solution k = 0) at ↵ = 25,100, 250,500, 625,714. Here
L = 20. For the largest ↵, ⇠ > L and the liquid phase disappear, which is a ’finite
depth’ effect .

hidden in the ocean of many (wrong) minima, all of which correctly satisfy the constraints on
the input and output boundaries.

At the moment we do not have a proposal for the real symmetry breaking field which works
during learning. Instead, we can think of the following unlearning. Suppose that we give the
student machine the complete configuration of the teacher machine at the beginning then let
the student machine relax under the constraint by the training data of size M = ↵N . Our
theory implies that the student machine will keep the configuration of the teacher machine
close the boundaries over the region of size ⇠/ ln↵ but forget the teacher machine in the
center.

However, during unlearning, some weak correlation between the teacher and student ma-
chines of order, say O(log(N)/N) which does not contribute the order parameter Eq. (13) in
the limits N !1 (with fixed ↵ = M/N), can remain in the central part of the system. Once
established this would play the role of the symmetry-breaking field: the free-energy of the
selected state (teacher’s configuration) will be lowered by an amount of order O(log(N)) to
other low lying (wrong) states. In this way the teacher’s configuration may survive close to the
boundaries. Such logarithmic correction naturally arises by integrating out the fluctuation of
the order parameters around the saddle point. We leave the detailed analysis of the correction
for future studies.

The next question is how the performance of the student-machine compares with the out-
put of the teacher machine with respect to unseen test data. Increasing ↵, i. .e. the size of
training data, not only the thickness of the crystal phase ⇠ grows but also the the amplitude
of the bias field, that is the polarization of the student machine with respect to the teacher
machine in the liquid-like region will become larger. Because of these two aspects, we expect
the output of the student machine against the unseen test data is not totally decorrelated from
that of the teacher machine even in the over-parametrized situation but the similarity of their
outputs (generalization ability of the student machine) increases with the size of the training
data ↵.

The above scenario based on unlearning is obviously artificial (we are not interested in
unlearning but learning!) but may help us to understand better generalization.
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machine in the liquid-like region will become larger. Because of these two aspects, we expect
the output of the student machine against the unseen test data is not totally decorrelated from
that of the teacher machine even in the over-parametrized situation but the similarity of their
outputs (generalization ability of the student machine) increases with the size of the training
data ↵.

The above scenario based on unlearning is obviously artificial (we are not interested in
unlearning but learning!) but may help us to understand better generalization.
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Figure 14: The spatial profile of the EA order parameters qEA(l) = q0(l) = r(l),
QEA(l) = Q0(l) = R(l) (RS solution k = 0) at ↵ = 25,100, 250, 500, 625,714. Here
L = 20. For the largest ↵, ⇠ > L and the liquid phase disappear, which is a ’finite
depth’ effect .
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boundaries. Such logarithmic correction naturally arises by integrating out the fluctuation of
the order parameters around the saddle point. We leave the detailed analysis of the correction
for future studies.

The next question is how the performance of the student-machine compares with the out-
put of the teacher machine with respect to unseen test data. Increasing ↵, i. .e. the size of
training data, not only the thickness of the crystal phase ⇠ grows but also the the amplitude
of the bias field, that is the polarization of the student machine with respect to the teacher
machine in the liquid-like region will become larger. Because of these two aspects, we expect
the output of the student machine against the unseen test data is not totally decorrelated from
that of the teacher machine even in the over-parametrized situation but the similarity of their
outputs (generalization ability of the student machine) increases with the size of the training
data ↵.
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 Summary

Construction of replica theory for a deep perceptron network

# Finite width N effect, hidden manifold model:  loop corrections…
 Outlook

# Simulations with “real data”,  various algorithms,  architectures… 

# mismatch of architecture MNIST N = 784 but De↵ ' 14
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c.f.

- random input/output  (random constraint satisfaction problem)
- teacher-student scenario (statistical inference) with noise

# other activation functions:  sigmoid, ReLU,….

“Wetting transition” in the design space with/without RSB

NumNNumerical simulations of the teacher-student scenario

Goldt, S., Mézard, M., Krzakala, F., & Zdeborová, L. (2020). PRX, 10(4), 041044.


