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Statistical mechanics of disordered syvstems: spins, spheres and machines

. - . »
r]l'l.]?l ) [ i->"-}'|ll|:>l'“
Opberrenia Center, (Jeoka DLraversity Ioponaka, (Isakx SAO-004Y, Japan

. *Cmduate Schoo! nf Setenee, TIsaka Lnavers:ty, Toyoneka, (Jraka 500045, Japan
in progress

n this lectrme node we disenss glass physios and mlated preblems nsing solvahle mezn-held madels

First we dis uss mean-fiekd spin models withont quenched daisarder (Jast ferromezgnety eomiplings)

witk dease (bat not glokal) couplings We show that they exabi. glassy phases 1n supzrcooled
parémagretic phase and recover the stardard resulis kewn in the mean-fiedd spinz ass models with
guenched disorck: Next we discuss gless physics i derse ssseanblies of simple spheres in large
ll&“l"ll‘“'“-.l lli ul




Cisordered SereRGIBIY. = g/assy
Datkate.CISCOVEY

A worksnop EEREERERGIoraiaRaris ‘s 70th birthday

3ariznzz UnNESHSaiRem 2, Sepember 19-22, 2078

Syukuro Manabe Klaus Hasselmann Giorgio Parisi

Prize share: 1/4 Prize share: /4 Prize share: 1/2

https://www.nobelprize.org/uploads/2021/10/sciback fy en_21.pdf

“for groundbreaking contributions to
our understanding of complex physical systems”



https://www.nobelprize.org/uploads/2021/10/sciback_fy_en_21.pdf

Perceptron

Example

\
/

# of possible machines
2% =8

machine |

machine’Z




M — oo with fixed o




Gardner’s volume: design space of a perceptron
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replica=machines learning in parallel
with the same training data
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replica=machines learning in parallel

Replica Symmetry Breaking = with the same training data
Replica “Permutation” Symmetry Breaking




Bl Hierarchical Replica (permutation) symmetry breaking and ultrametricity

complex § m
free-energy landscape N TP C .
ultrametricity ﬁi{: overlap matrix q Overlap distribution
distance P(Q) = dQ

Replica symmetry breaking

G. Parisi (1979)
first found in the SK model
(mean-field spin glass)

Similarity (@
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Q(a,b) = min(Q(a, c), Q(b,c))



Bl Multi-layer Neural Network

Design weights to satisfy boundary conditions
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Usual strategy of learning desil‘Td output
N M

2
(1) define “loss function” eg. L=) > (SZZ — (S*)lzj:z)
1=1 p=1

(2) try to minimize the loss function

.g. SD hasti '
via back-propagation e.g. SDG (stochastic gradient descent)

Too much long-ranged, highly convoluted, non-linear interaction! ...hard to analyze



Gardner volume In deep perceptron network

Gardner volume generalized for a multi-layer network
(c.f..) Single percepron: E. Gardner (1987)

trace over hidden variables
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We study two scenarios of machine learning
with artificially generated training data

random random Random
input output input output
random teacher
= JZ] -—> = thacher —P
1]

\ student /

tudent

JZSJU. cll

scenario (1) scenario (2)



Scenario (1) Random inputs/random outputs

- a constraint satisfaction problem

- glass/Jamming physics

““Random Cons'graint Satisfaction Problem”
(7 > L#l#IFE E ERE)
4
Example:
Graph coloring ‘\/

random machine random Y w\

iInput output
Antiferromagnetic Potts model
: : H = V. g
Q: How may different ways the machine Z Qi>4;
- - 2V,
can be designed to satisfy the
imposed random inputs/outputs ? Connection to glass physics

Clustering transition = glass transition
SAT/UNSALT transition = jamming transition




Replicated Gardner volume replicas: machines learning in parallel with the same data
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Loop correction

‘connectivity” C

N>c>1
a= M/c




B Parisi's RSB ansatz

k+1
Qu() = QO)(ILy — Iy 1=12,...,L
e
() =Y aO)IG — 177" 1=1,2,...,L—1
1=0

B Input/output boundaries

replicated machines are subjected to
the same training data

Qab(o) — Qab(L) = 1l



B1st Glass transition

a)

0 Lo
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Q

continuous transition to full RSB glass phase

at | st & (L-1) th layer

other layers remain in the liquid phase




B2nd Glass transition

a)

qeA(l)

spin e

2 3 4 5 6 7T 8 910

bond

15 15516 165 17 175 I8 I8R5 19

ag (2) ~ 1538 continuous transition to full RSB glass phase
at 2nd & (L-2) th layer

which also induce 2nd glass transitions at |st and L-th layer



B Growth of glass phase with increasing training data

qEA 0.8 |

0.6

“Wetting transition’! .

02 ¢

layer-by-layer 2nd order transitiong . \ | A | /
2 4 6 8 10 12 14 16 18 20

[

a = 50, 100, 200, 1000, 2000, 4000
“penetration depth”

(1) ~ 2.7(3)e! 03 (o) x Ina

this suggests storage capacity also grows fast with the depth

0O 1 2 3 4 5 6 7 constl

, ay(l) xe




B Space-dependent replica-symmetry breaking

a = 4000

spin

SCooS
S 5 0N DO v




Design space of DNN
£ x In(M/N) £ x In(M/N)

symmetry breaking

field O(log(N)/N)

number of input/output patterns for training: |/

A each DNN is NOT a glass



Scenario (2) Teacher student setting - a statistical inference problem

Randomly quenched

Jteacher -
random / 1]

Out put of teacher

1) Training L
data / Student is forced to
“.”\ J f;Udent » reproduce
RS * teacher’s output
NoIlSe nolse

Randomly quenched

teacher —'
Compare
—>

2) Test random
test

data Now quenched

tudent
st
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Replicated Gardner volume
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B Parisi's RSB ansatz

B Input/output boundaries

Bayes-optimal limit

overlap among students overlap between the students *
at the boundaries and the teacher 0 1
> r

Qab(O) — Qab([/) = |l T(O) — 7“(1) — r



Bayes-optimal case (no noise)

Hajime Yoshino, SciPostPhys. Core 2,005 (2020).

a = 25,100, 250, 500, 625, 714.

2 4 6 8 10 12 14 16 18 20

[

“Wetting transition’’ Bayes optimal, Nishimori conditon ¢ =1, = R

layer-by-layer 2nd order transition Replica symmetry (RS) holds
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Generalization ability

teacher-student overlap of bond teacher-student overlap
after training fOr “teSt datau

r(l) is not fixed

I'test

non-zero solution!

on this side zero-
solution also exist

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

over-parametrized DNN with “central liquid region™ generalizes!
(If symmetry breaking field helps).



With noise

Spatial profile of the EA order parameter

qeA = q(1)




Hierarchical structure of the solutions

Replica symmetric Replica symmetry broken



gea = q(1) qea = q(1)

Replica symmetric!




B Simulation of learning in a teacher-student setting



T=0 greedy Monte Carlo

| N M >
random teacher + student “a” and “b” loss function  E=> » (55,7; = (5*)‘£,i>
1=1 pu=1

| “Unlearning” : start from teacher’s configuration

2. “Learning” :start from random configuration

N=10,M =10, L = 10




Permutation-invariant overlap
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Generalization ability

(égu)teacher(éyu>student

test 1 Jtest
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Generalization ability
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test
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deeper systems generalize as well---



B Summary

“Wetting transition™ In the design space with/without RSB

B Outlook Goldt, S., Mézard, M., Krzakala, F., & Zdeborova, L. (2020). PRX, 10(4), 041044.
# Finite width N effect, hidden manifold model: loop corrections...

cf MNIST N = 784 but Deg ~ 14

# mismatch of architecture

# other activation functions: sigmoid, RelLU,. ...

# Simulations with “real data”, various algorithms, architectures...



